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Abstract

This dissertation consists of three chapters on macroeconometrics.

In the first chapter, I develop an optimal test for omitted unit-level heterogeneity applicable
to moment condition models. The test is particularly useful for structural estimation, which
inevitably involves a choice of which parameters to treat as homogeneous across units.
Unlike existing semiparametric specification tests for heterogeneity, the test asymptotically
maximizes a weighted average power criterion. I study two applications. First, applied to
income dynamics, I use the heterogeneity test as a diagnostic for determining the presence
of within education group-level heterogeneity. Second, I use the test as a diagnostic for the
presence of within subindustry-level heterogeneity in the estimation of production functions.

In the second chapter, I propose a new estimator, called robust granular instrumental
variables (RGIV), that enables the study of unit-level heterogeneity in spillovers. The
estimator builds on granular instrumental variables (GIV), an estimator that has experienced
sharp growth in empirical macro-finance—spanning economic environments like the estimation
of spillovers and demand systems. Unlike existing methods that assume heterogeneity is a
function of observables, RGIV leaves heterogeneity unrestricted. Applied to the Euro area, I
find strong evidence of country-level heterogeneity in sovereign yield spillovers.

In the third chapter (coauthored with José Luis Montiel Olea, Mikkel Plaghorg-Mgller,
and Christian Wolf), we consider impulse response inference in a locally misspecified vector
autoregression (VAR) model. The conventional local projection (LP) confidence interval
has correct coverage even when the misspecification is so large that it can be detected with
probability approaching 1. By contrast, the conventional VAR confidence interval with short-
to-moderate lag length can severely undercover for misspecification that is small, difficult to
detect statistically, and cannot be ruled out based on economic theory. The VAR confidence
interval has robust coverage if, and only if, the lag length is so large that the interval is as

wide as the LP interval.



Acknowledgements

I am beyond thankful to the members of my dissertation committee for their generous
support over the years. To Mikkel Plagborg-Mgller, for challenging me to exceed even my
own expectations. To Mark Watson, for helping me see the forest through the trees. To John
Grigsby, for guiding me in becoming a clearer thinker. I am eager to pay their generosity
forward. I am grateful to many others who have given me invaluable advice during graduate
school: Ulrich Miiller, Bo Honoré, Michal Kolesar, Mark Aguiar, Richard Rogerson, Karthik
Sastry, Gianluca Violante, as well as the participants of the econometrics and macroeconomics
student workshops. I'm especially grateful to Domenico Giannone for sparking my love for
economics during my time as a Research Analyst at the New York Fed.

I have been immensely fortunate to collaborate with a talented group of coauthors over
the years: Christian Wolf, José Luis Montiel Olea, Conor Walsh, Felipe Del Canto, Richard
Crump, Stefano Eusepi, and Argia Sbordone. They have all gone out of their way to support
me, and I have learned so much from them all.

Perhaps the real treasure was the friends I made along the way. Thank you to my
classmates for the years of joy: Sebastian Guarda, Pier Paolo Creanza, Michael Jenuwine,
Richard De Thorpe, Ali Zhang, Carolina Piazza, and Christine Blandhol. TI'll especially
miss my post-seminar conversations with Darwin Yang, Jacob Dorn, Luther Yap, Sebastian
Roelsgaard, and Dexin Li.

I couldn’t have done this without my family. I am forever grateful to my parents for their
steadfast support from the very beginning. Thank you to Max for helping me keep the bigger
picture in mind.

And finally, to Jada, for the years behind us and the many more to come.



To my parents



Contents

1

2

Abstract . . . . ..
Acknowledgements . . . . . ... L
List of Tables . . . . . . . . . .
List of Figures. . . . . . . . . . . e
Testing for Omitted Heterogeneity
1.1 Introduction . . . . . . . . . . .
1.2 Motivating examples . . . . . ... Lo L
1.2.1 Example: Wide panel AR(2) . . . . . ... ... ... L.
1.2.2  Example: Illustrative measurement error model . . . . . . . . . ...
1.3 Testing for parameter heterogeneity . . . . . . . . .. .. ...
1.3.1 Generating model . . . . . .. ..o
1.3.2 Setup . . . . .
1.3.3 Asymptotic bias and fitted moments . . . . . .. ... ... L.
1.3.4 Constructing a test for parameter heterogeneity . . . . . . .. .. ..
1.3.4.1 Limit experiment . . . . . . . .. ... ... ...
1.3.4.2  Test for scalar heterogeneity . . . . . . . ... .. ... ...
1.3.4.3 Test for multivariate heterogeneity . . . . . . . . . .. ...
1.4 Semiparametrically efficient testing . . . . . . ... .. ... ...
1.4.1 Setup . . . . . .
1.4.2  Semiparametric efficiency . . . . ... ... o oL
1.4.3 Proofsketch . . . . . . . .. .. ...
1.5 Simulations . . . . . ...
1.6  Empirical applications . . . . . . . .. . oL o
1.6.1 Income dynamics . . . . . . . . . .. ...
1.6.2 Markup heterogeneity . . . . . . . .. ... oL
1.7 Conclusion . . . . . . . . .
Robust Granular Instrumental Variables
2.1 Imtroduction . . . . . . . . ...
2.2 Simple illustration . . . . . ...
2.2.1 Baseline three country setting . . . . . .. ... .. ... ... ..
2.2.2 Iustration of GIV . . . . . .. .. oo
2.2.3  RGIV illustration: Environment as GMM moment conditions
2.3 General model and main results . . . . ... ..o
2.3.1 Assumptions . . . . ...



2.3.2 RGIV estimator . . . . . . . . . . 71

2.3.3  GIV under spillover coefficient heterogeneity . . . . . . .. ... ... 75
2.4 Testing . . . . . .. 7
2.4.1 RGIV specification test . . . . . . ... ... 7
2.4.2  Spillover coefficient homogeneity test . . . . . . ... ... ... ... 7
2.5 Extensions to additional explanatory variables . . . . . . ... .. ... ... 78
2.5.1 RGIV with observed explanatory variables . . . . . .. .. ... ... 78
2.5.2 Non-identification when explanatory variables are unobserved . . . . 79
2.6 Application . . . ... 82
2.7 Simulation study . . . . ... 86
2.8 Discussion . . . . . . . 89

3 Double Robustness of Local Projections and Some Unpleasant VARithmetic 91

3.1 Introduction . . . . . . . . ... 91
3.2 Framework . . . . . . .. 96
3.2.1 Model and assumptions . . . . . .. ..o 96
3.2.2 Estimators . . . . . . ... 100

3.3 Robust local projections, fragile VARs . . . . . ... ... ... ... .. .. 101
3.3.1 Large-sample distributions and confidence interval coverage . . . . . . 101
3.3.2 Hausman misspecification test . . . . . . ... ... ... 106
3.3.3 Laglength selection. . . . . . . . ... .. ... ... ... ..., 107

3.4 VAR inference under bounded misspecification . . . . . . . ... .. ... .. 108
3.4.1 Worst-case bias and mean-squared error . . . . . . .. .. ... ... 109
3.4.2 Worst-case COVerage . . . . . . . . . . oo e 112
3.4.3 Bias-aware inference . . . . ... ... L 115
3.4.4 Inference on multiple impulse responses . . . . . . . ... .. ... .. 117

3.5 Practical relevance . . . . . . ... 118
3.5.1 Review of current practice for VAR lag length selection . . . . . . .. 118
3.5.2  Empirically calibrated simulation study . . . . . ... ... ... ... 119

3.6 Conclusion . . . . . . . . . e 120
A Appendix to Chapter 1 124
A.1 Theoretical results . . . . . . . . . ... 124
A.1.1 Matrixresults . . . . . ... 124
A.1.2 Framework and results for local parameter heterogeneity . . . . . . . 126
A.1.3 Semiparametric . . . . . . . ... 133

A.2 Additional empirical results . . . . .. ... 141
A.2.1 Production function estimation . . . . ... .. ... ... ... ... 141

B Appendix to Chapter 2 144
B.1 Proofs . . . . . . . 144
B.1.1 Proof of Theorem 2.3.1 . . . . . . . . . . .. . ... .. .. ...... 144
B.1.2 Proof of Theorem 2.3.2 . . . . . . . .. .. ... ... ... ..., 145
B.1.3 Proof of Proposition 2.3.1 . . . . .. ... .. ... ... ... 148
B.1.4 Proof of Lemma 2.3.1. . . . . .. ... .. ... . ... ... . ..., 148



B.1.5 Proof of Lemma 2.5.1 . . . . . . . . . .. 150

B.1.6 RGIV with observed explanatory variables . . . . . . ... ... ... 151

B.2 Online appendix . . . . . . . .. L 155
B.2.1 Observed explanatory variables: Second-step GMM estimation with a

consistent first-step estimator of a nuisance parameter . . . . . . . . . 155

B.2.2 RGIV when the shock factor is determined by known observables . . 158

B.2.2.1 Setup . . . .. 158

B.2.2.2 Identification . . . . ... ... ... ... ... ... ... 159

B.2.3 Application: Robustness . . . . . . . .. ... oL 161

C Appendix to Chapter 3 164

C.1 Further theoretical results . . . . . . . ... .. .. . L. 164

C.1.1 Least favorable misspecification . . . . . . . ... .. ... .. .... 164

C.1.2 More efficient bias-aware confidence interval . . . . . . ... ... .. 164

C.1.3 Covariance structure of LP and VAR estimators . . . . . .. ... .. 166

C.2 Proofs . . . . . . e 168

C.2.1 Proof of Proposition 3.3.1 . . . . . .. ... .. ... ... .. ..., 168

C.2.2 Proof of Proposition 3.3.2 . . . ... ... ... ... ... 169

C.2.3 Proof of Corollary 3.3.2 . . . . . . .. ... ... 170

C.2.4 Proof of Corollary 3.4.1 . . . . . . . . ... ... 170

C.2.5 Proof of Corollary 3.4.2 . . . . . . . . ... ... 170

C.2.6 Proof of Corollary 3.4.4 . . . . . . . . .. .. ... 171

C.2.7 Proof of Corollary C.1.2 . . . . . . .. ... ... 171

C.3 Further theoretical results . . . . . . . . ... .. ... ... ... 174

C.3.1 Heteroskedasticity . . . . . . . .. ..o 174

C.3.2 External instruments and proxies . . . . . . .. ... ... ... ... 174

C.3.3 Data-dependent lag selection . . . . . . . . ... ... ... .. .. .. 177

C.3.3.1 Proof of Proposition C.3.1 . . . .. ... ... ... ... .. 178

C.3.4 Inference on multiple impulse responses . . . . . . .. ... .. .... 180

C.34.1 Set-up . . . . . . 180

C.3.4.2 Worst-case bias . . . . . . .. . ... ... ... ... ... 181

C.3.4.3 Worst-case coverage of confidence ellipsoid . . . . . ... .. 182

C.3.4.4 Proof of Proposition C.3.2 . . . . . ... ... ... ..... 183

C.3.4.5 Proof of Corollary C.3.1 . . . . .. .. .. ... ... .... 186

C.4 Simulation details and further results . . . . . . ... ... .. ... ..... 186

C.4.1 Implementation details . . . . . ... ... ... ... ... ...... 187

C.4.2 Furtherresults . . .. ... . . ... ... ... 187

C.5 Further proofs . . . . . . . . . .. 189

C.5.1 Main lemmas . . . . . . ... 189

C.5.2 Auxiliary numerical lemma . . . . . . . .. ... oL 197

C.5.3 Auxiliary asymptotic lemmas . . . . ... ... ... ... .. ... 198



List of Tables

1.6.1
1.6.2

26.1

2.7.1

2.7.2

A21
A22

B.2.1

B.2.2
B.2.3

Estimation results for the model of income dynamics by education group . 49
Summary of specification tests for production function estimation by ISIC4
category (5% level). . . . . . . 54
RGIV and GIV estimation results for the application to sovereign yield
spillovers . . . . .. 85
Simulation results for the RGIV estimator, GIV estimator, and hypothesis
tests across DGPs . . . . . ..o 88
Simulation results for the RGIV unit-specific spillover coefficients . . . . . 89

Production function estimation results by ISIC4 category (ISIC2=31-34) . 142
Production function estimation results by ISIC4 category (ISIC2=35-38) . 143

Alternative winsorization schemes for the application to sovereign yield
spillovers . . . . . L 161
Alternative grouping schemes for the application to sovereign yield spillovers 162
Additional GIV and RGIV estimation results for the application to sovereign
yield spillovers . . . . . . . .. Lo 163



List of Figures

1.2.1

1.5.1
1.5.2
1.6.1

3.4.1
3.4.2

3.4.3
3.5.1

C.1.1
C.1.2
C.1.3
C4.1

[lustrative example: Comparison of moments under parameter homogeneity

and parameter heterogeneity . . . . . . . .. .. oL 21
Panel AR(2) empirical rejection probabilities by test and shock distribution 45
Panel AR(2) empirical coverage by test and shock distribution . . . . . . . 46
Distribution of estimated sales-weighted plant-level markups for production

functions estimated at the 4-digit level . . . . . . .. ... ... 56

Worst-case asymptotic coverage probability of the conventional 90% VAR CI 113
Worst-case asymptotic probability of the joint event that the conventional
VAR CI fails to cover the true impulse response and yet the Hausman test

fails toreject . . . . . Lo 115
Relative length of bias-aware VAR CI vs. conventional LP CI . . . . . . .. 117
Coverage probability and median length for VAR and LP nominal 90% CI 121
Least favorable af(L; h) for local-to-AR(1) models . . . . . ... ... ... 165
Length-optimal weight on LP in bias-aware CI . . . . . ... .. ... ... 167
Relative length of optimal bias-aware CI vs. conventional LP CI . . . . .. 167
Coverage probability and median length for VAR and LP 90% CIs . . . . . 188

10



Chapter 1

Testing for Omitted Heterogeneity”

1.1 Introduction

The assumption of unit-level parameter homogeneity is common and necessary in econometric
models with nonlinear moment conditions. Examples include homogeneity in the persistence
of income processes across households (Guvenen, 2009), the dynamic response of investment
to monetary shocks across firms (Ottonello and Winberry, 2020), and output elasticities
of inputs for production functions within industries (Ackerberg et al., 2015). While these
moment conditions are often theoretically motivated by a representative agent, researchers
face the difficult task of accounting for unit-level heterogeneity in the data; incorrectly
imposing parameter homogeneity across units can lead to uninterpretable or inconsistent
estimates of the parameter of interest. In light of this issue, this paper’s main contribution is
a statistical test of parameter heterogeneity for moment condition models.

Concretely, one of this paper’s applications considers the estimation of plant-level markups,
which requires the estimation of the output elasticity of inputs. Here, the researcher is
unwilling to fully specify the distribution of the random variables in the plant’s production

process (e.g. unwilling to impose Gaussian productivity shocks) but is willing to impose

*T am grateful for helpful comments from seminar participants at: Princeton University, Stanford Institute
for Economic Policy Research, University of Maryland, University of Notre Dame, Johns Hopkins University,
London School of Economics, and University College London.
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moment conditions for a representative firm (Ackerberg et al., 2015). However, neglecting
firm-level heterogeneity in production functions gives rise to estimates of output elasticities
that, in the limit, fail to converge to an average value and otherwise lack a clear interpretation.
While it is common to address parameter heterogeneity by estimating production functions at
the subindustry level, the test allows the researcher to assess the presence of leftover parameter
heterogeneity within these subsamples. Hence, the test can help determine the subindustries
that give reliable markup estimates and those that are worthy of further analyses.

The proposed test takes the form of a test of over-identifying restrictions. Starting with
moment conditions that are valid under parameter homogeneity, the test exploits Jensen’s
inequality; parameter heterogeneity is detectable in the moment conditions that are nonlinear
in the parameter under test. The test is then constructed using a second-derivative weighted
sum of the normalized fitted moment conditions and admits the interpretation of an estimate
of the variance of the heterogeneous coefficient. Thus, the second derivative matrix is the
only required object beyond those typically computed for the estimation of moment condition
models. Unlike other moment-based specification tests, the proposed test directs power
toward the specific alternative hypotheses that arise from parameter heterogeneity increasing
power. Relative to the omnibus J test specifically, power is directed by placing higher
weight on the moment conditions expected to be misspecified under parameter heterogeneity
and using critical values that exploit the structure of the alternative hypothesis parameter
space. Unlike likelihood-based specification tests, the procedure doesn’t require for there to
be a correct and fully-specified likelihood function for size to be controlled under the null
hypothesis of no parameter heterogeneity.

The test can be viewed as an asymmetric score test on the limiting distribution of the
fitted moment conditions. The test is based on a moment condition model with parameter
heterogeneity that shrinks with the sample size. Under this framework, the amount of
misspecification is large enough to affect the coverage of conventional GMM confidence

intervals for the mean parameter yet small enough for the power of specification tests to
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be nontrivial. The test is based on studying the limiting distribution of the fitted moment
conditions under this local parameter heterogeneity. A nonstandard feature of this problem is
that the alternative hypothesis parameter space is asymmetric, containing the set of positive
semidefinite matrices as opposed to non-zero matrices in general. The test achieves power
gains by exploiting this asymmetry through a likelihood ratio test for the score vector of
the limiting fitted moment conditions (Silvapulle and Silvapulle, 1995), giving a mixture
chi-squared null distribution. In the special case of testing for scalar heterogeneity, the null
distribution is Gaussian giving a one-sided test that rejects for negative values.

The proposed test is asymptotically optimal for detecting moderate amounts of hetero-
geneity. Adapting the semiparametric framework of van der Vaart (1998), I derive the efficient
score, restricting study to the class of densities that satisfy a set of moment conditions
absent parameter heterogeneity. The composite test for multivariate heterogeneity inevitably
requires trading off power in detecting heterogeneity among the parameters under test (just
as in the multivariate normal means problem of, for instance, Chapter 15.2 of van der Vaart
(1998)). I show that the proposed test is optimal for detecting moderate amounts of parameter
heterogeneity—moderate in the sense that the test maximizes a weighted average power
criterion for distant alternatives in the limit experiment (Andrews, 1996) yet parameter
heterogeneity is local. For the special case of testing for scalar heterogeneity, I show that the
test is asymptotically uniformly most powerful. These results complement existing specifi-
cation tests, which either require a fully-specified parametric model (necessarily imposing
strong assumptions on the distribution of shocks), have no known optimality properties for
detecting parameter heterogeneity (omnibus misspecification tests like the J test), or are
optimal within narrow classes of tests (e.g. Hahn et al. (2014) is optimal among tests with
limiting chi-squared distributions under the null hypothesis).

The test is most useful when economic theory gives restrictions on a generating model
but is uninformative on the particular distribution of the random variables. As a result, the

test’s power comes from measuring disagreement in a set of moment conditions. In contrast,
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textbook parametric tests of the presence of mixtures, like the Neyman and Scott C'(«)
test, require moment conditions that are distinct from those used in estimation to also be
satisfied under the null. These moments are derived from second-order derivatives of the
log likelihood function (Lindsay, 1995). For example, the maximum likelihood estimator of
the mean and variance of a normal random variable are their respective sample analogues.
The corresponding C'(«) test of parameter heterogeneity in both parameters however rejects
when the third and fourth moments of the data are incompatible with normality. Therefore,
a test with correct size would require the stronger assumption that the third and fourth
moments are compatible with a Normal distribution under the null hypothesis of no parameter
heterogeneity:.

In a Monte Carlo exercise, I show that my proposed test has good finite sample properties
in a short panel AR(2) model. Serving as a benchmark, the AR(2) is a relatively simple model
where it is not known how to estimate the amount of heterogeneity of the autoregressive
parameters absent strong distributional restrictions. By only assuming white noise errors
and without restricting fixed effects, we can derive moment conditions that are valid under
parameter homogeneity. When testing for heterogeneity in both autoregressive parameters,
the empirical size is near its nominal size for Gaussian, Skew-¢, and ARCH(1) shocks. Varying
the degree of parameter heterogeneity, the test has higher power than the J test and the test
of Hahn et al. (2014). The simulations demonstrate that a likelihood-based C(«) test for
parameter heterogeneity exhibits a power-robustness tradeoff. While the power of the C'(«)
test is higher than the preceding moment-based tests when the shocks are indeed Gaussian,
the C'(«) test severely over-rejects otherwise (at worst, with an empirical rejection rate of
100% for a 5% test). Consistent with this paper’s theoretical results, ignoring parameter
heterogeneity causes the conventional confidence intervals to severely under-cover the mean
of the autoregressive parameters.

The paper includes two empirical applications. In the first empirical application, I show

that household-level heterogeneity in the persistence of income shocks is detectable even in
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public survey data. I estimate a model of income dynamics using the Panel Survey of Income
Dynamics based on Guvenen (2007) that includes a transitory shock, persistent shock, and
income profile heterogeneity. On the full sample, the J test fails to reject at 5% while the
test for heterogeneity on the persistence of the persistent shock rejects. This result suggests
that a researcher concerned about parameter heterogeneity may fail to detect if reliant solely
on the J test. I then use the heterogeneity test as a data-driven guide for determining the
presence of within education group-level parameter heterogeneity, testing the assumption
of approximate homogeneity within each group. I find that the assumption of parameter
homogeneity approximately holds for the “HS or less,” “Some college,” and “Bachelor’s or
more” education groups.

In the second empirical application, I use Chilean manufacturing data to show that
plant-level heterogeneity in production functions estimated at the finest available level of
industry aggregation threatens the estimates of markups over marginal costs. Markups are
important to study because their level and dispersion distort allocations and ultimately affect
welfare (Hsieh and Klenow, 2009; Edmond et al., 2023). Under the “production function
approach” (De Loecker and Warzynski, 2012), plant-level production functions are typically
estimated at the industry level. Relative to existing work, I entertain the possibility of
parameter heterogeneity within 4-digit industry categories threatening estimates of markups.
Combined with the J test, I then use the heterogeneity test as a diagnostic for determining
the subindustries whose moments are compatible with the data. I find that 15 of the 50 total
subindustries fail to reject the J test but reject the heterogeneity test at 5%. Notably, none
of these industries reject the test of Hahn et al. (2014) at 5%. Next, I find 13 “well-specified”
subindustries that fail to reject both the heterogeneity and J tests at 5%. Consistent with
the pattern of development during the historical period under study, these subindustries
mostly include those related to food and beverages. Focusing on plants belonging to these
well-specified subindustries, I estimate a median sales-weighted plant-level markup of 1.24

with a 90 minus 50-percentile markup dispersion of 0.42. Investigating the implications of
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improper aggregation, I compute markups for plants belonging to these same well-specified
subindustries, but instead plug-in production function estimates estimated using coarser
3-digit industry categories. Here, the median markup rises to 1.37 and markup dispersion
falls to 0.32. Therefore ignoring parameter heterogeneity overstates the median markup and
understates its dispersion.

LITERATURE. The proposed test is most useful in cases where modeling a random coefficient
is difficult, like short dynamic panel models (Arellano and Bond, 1991; Arellano and Bover,
1995; Ahn and Schmidt, 1995; Blundell and Bond, 1998) and the estimation of production
functions (Olley and Pakes, 1996; Blundell and Bond, 2000; Levinsohn and Petrin, 2003,;
Ackerberg et al., 2015; Gandhi et al., 2020). These short dynamic panel methods are often
used in characterizing income dynamics (MaCurdy, 1982; Guvenen, 2007). The proposed
test is less useful for cases where there are existing approaches for modeling and estimating a
random coefficient, like short panel models with strictly exogenous regressors (Chamberlain,
1992; Wooldridge, 2005; Arellano and Bonhomme, 2012; Graham and Powell, 2012).

The test can be viewed as a diagnostic before proceeding to technically sophisticated
methods for estimating parameter heterogeneity, especially in the context of dynamic panels.
These techniques require additional assumptions and can be computationally intensive.
Examples include restricting heterogeneity to a finite number of types or limiting heterogeneity
to particular distributional families (Browning et al., 2010; Gu and Koenker, 2017; Alan et al.,
2018; Bonhomme and Manresa, 2015; Bonhomme et al., 2019). Alternatively, Lee (2022)
gives a methodology applied to dynamic panels for computing identified sets. Under further
restrictions to the random coefficient, Pesaran and Yang (2024) gives conditions for estimating
moments of the autoregressive coefficient of a panel AR(1). For richer models however, like
the panel AR(2) considered in the simulation section, it is not known how to estimate the
heterogeneity of the autoregressive parameters without restricting the distribution of shocks.

My proposed test builds on the work of statistical tests for the presence of mixture

distributions in a likelihood-based framework (Neyman, 1959; Chesher, 1984; Lindsay, 1995;
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Gu, 2016). Like these tests, my test is designed to detect local parameter heterogeneity,
is based on a framework where parameter heterogeneity shrinks with the sample size, and
requires the study of second-order expansions that lie outside of classical testing frameworks
(like those described in Chapter 9 of Newey and McFadden (1994) in my case). Unlike these
likelihood-based statistical tests, I focus on moment condition models. In particular, my
framework for semiparametric efficiency is closely related to Gu (2016), which analyzes the
C(«) test for parameter heterogeneity in a LeCam framework with a fully-specified parametric
likelihood function. The moment condition model featured in this paper can be viewed as a
semiparametric version where the distribution of the data is an infinite-dimensional nuisance
parameter. To test for multivariate heterogeneity, Gu (2016) also proposes a likelihood ratio
test on a score vector (following Silvapulle and Silvapulle (1995)). The arguments developed
in this paper suggest that their test also maximizes a weighted average power criterion.

Just like this paper, Hahn et al. (2014) proposes a test for parameter heterogeneity in
a moment-based framework. Their test also relies on a second-derivative weighted sum of
normalized moment conditions. Their test however maximizes power relative to the narrow
class of tests with limiting chi-square distributions. This paper’s test in contrast achieves
gains in power by directing power to alternative hypotheses that would arise from parameter
heterogeneity, yielding semiparametric efficiency in a weighted average power sense.

This paper’s test is a special case of testing problems where the parameter under test is on
the boundary of the parameter space under the null hypothesis (Chernoff, 1954; Bartholomew,
1959; Perlman, 1969; Chant, 1974; Robertson et al., 1988; Andrews, 2001). The limit
experiment of my test reduces to a test of an unknown mean in a multivariate Gaussian
shift experiment with a known variance. Specifically, the null hypothesis is simple while the
alternative hypothesis is a convex cone—included in the framework of Example 1 of Andrews
(1996). Like these references, the limiting distribution of the test statistic is non-Gaussian.

Like prior work on local misspecification in moment condition models (Kitamura et al.,

2013; Andrews et al., 2017; Armstrong and Kolesar, 2021; Bonhomme and Weidner, 2022)),
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parameter heterogeneity in this framework induces asymptotic bias of the same order as the
standard errors. Unlike these papers, however, this paper focuses on constructing an optimal
hypothesis test for the specific alternatives that arise from parameter heterogeneity (giving
rise to gains in power) rather than studying model misspecification in general. The Taylor
expansions used in this paper are similar to those featured in Evdokimov and Zeleneev (2023),
who correct for scalar errors-in-variables bias for nonlinear moment condition models. This
paper instead uses a multivariate expansion to motivate the construction of an optimal test
of parameter heterogeneity.

OUTLINE. Section 1.2 illustrates the main ideas of the proposed heterogeneity test in two
motivating examples. Section 1.3 introduces the heterogeneity test. Section 1.4 presents
a framework for semiparametric efficiency of the test. Through simulations, Section 1.5
examines the finite sample properties of the proposed test and compares with competing
approaches. Section 1.6 applies the test to applications on income dynamics and markup

dispersion. Section 1.7 concludes.

1.2 Motivating examples

Section 1.2.1 introduces a panel AR(2) to aid in discussing the considerations researchers face
in estimating wide dynamic panel models. Section 1.2.2 illustrates the ingredients required
for a test of parameter heterogeneity in a stylized measurement error model that will be used

as a running example throughout this paper.

1.2.1 Example: Wide panel AR(2)

This subsection considers a relatively simple stationary wide panel AR(2). We will revisit
the model in Section 1.5 in a Monte Carlo exercise.
Setting up, the researcher observes an outcome variable y;; for units ¢ = 1,...,n and time

t=1,...,T. The number of units is large while the number of time periods is small. The
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outcome variable is a function of its previous two lags

Yit = 0i + P1Yir—1 + G2¥ir—2 + Eit (1.2.1)

for innovations e; ~ (0,0%) (i.i.d. over units and white noise over time) and unit fixed
effect 9;. Notably, the autoregressive parameters ¢, and ¢ are taken to be homogeneous
over units. This assumption will be the focus of study for this paper. In addition, the
researcher is unwilling to impose further restrictions on the distribution of the innovations
(like Gaussianity) or restrictions of higher-order moments. Consistent with the estimation of
models of income dynamics (MaCurdy, 1982; Guvenen, 2007), the researcher estimates by
matching the empirical autocovariances in first differences (enabling an unrestricted fixed
effect) with those implied by Equation 1.2.1. The procedure is a form of nonlinear GMM
since the moment conditions are nonlinear in the autoregressive parameters.

While simple, the model is useful to study because it shares attributes with richer models
used in practice. Examples include those of income dynamics (Guvenen, 2009; MaCurdy,
1982), production function estimation (Blundell and Bond, 2000; Ackerberg et al., 2015) and
panel local projections (Ottonello and Winberry, 2020). These models are typically motivated
by moment conditions that are valid for a representative agent where the assumption of
unit-level parameter homogeneity is required for estimation. In these settings, it is typically
unknown how to rewrite the moment conditions to be valid if the homogeneous parameter
were instead modeled as a random coefficient.

Analogously, the assumption of unit-level homogeneity in the autoregressive coefficients
¢1 and ¢4 is potentially problematic when taken to the data. In the limit, Section 1.3 will
show that ignoring parameter heterogeneity gives rise to autoregressive coefficients that fail
to converge to their average values and otherwise lack a clear interpretation. What’s more,

even in this relatively simple AR(2), it is unknown how to write valid moment conditions for
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unit-specific (random coefficients) autoregressive parameters.> The short panel also rules out
long panel methodologies like estimating and pooling unit-specific AR(2) processes (Pesaran
and Smith, 1995).

Challenges remain in two common solutions for addressing parameter heterogeneity.
First, it is often unclear whether there is leftover heterogeneity after splitting the sample
by observables and estimating the model on these subgroups. Second, additional statistical
restrictions—Ilike restricting parameter heterogeneity to discrete types or likelihood-based
approaches—potentially require specialized knowledge (e.g. the choice of functional forms and
tuning parameters) with intensive computing resources (Bonhomme et al., 2019; Browning
et al., 2010).

A test with power directed toward detecting parameter heterogeneity is a step towards
addressing these challenges. Such a test can help determine if the assumption of parameter
homogeneity approximately holds when estimating a model for a particular subgroup and can
help determine if there is sufficient heterogeneity to justify switching to more sophisticated

statistical modeling approaches.

1.2.2 Example: Illustrative measurement error model

Having outlined the contexts in which a test with power directed toward parameter hetero-
geneity would be useful, this subsection gives intuition for such a test through an illustrative
measurement error model.
Suppose the researcher observes an i.i.d. sample y; = (y1;, y2;) where
0; €14

9? E9i

ZPesaran and Yang (2024) gives moment conditions for a random coefficients AR(1) but doesn’t apply to
models with more complex dynamics.
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Figure 1.2.1: Plots of hy(0) = 62 and E(ys;) under parameter homogeneity (left panel) and under parameter
heterogeneity (right panel).
for h(0) = (h1(0), ho(0))’. The mean-zero measurement error €; is jointly uncorrelated, i.i.d.
over 7, and independent of §;. Random coefficient #; has mean 6* and equally mixes between
01, and 0. Data y;; and yo; can be interpreted as noisy observations of 6; and 6? respectively.

Analogous to the more complicated moment condition models used in practice, the specific
distribution of the measurement errors is unknown ruling out likelihood-based approaches.
Restricted to using only the mean of y;, the researcher seeks to answer two questions. First,
what is 0*7 Second, can parameter heterogeneity be detected? Comparing the data E[y;] to
the model h(0), there are two moments (E[y;;] and Ely,;]) and one unknown (6*).

Beginning with the first question, the first moment identifies 8* . Since the measurement
error is mean-zero, Elyy;] = E[6;] + Eley;] = hi(6*) = 6*. From linearity of hy(6), 0* is
identified under both the null and alternative hypotheses.

Moving to the second question, the second moment can be used to “test” for parameter
heterogeneity where 6* is taken from the first moment. Figure 1.2.1 plots the data (E[y])
against the function hy(f) = #%. Absent parameter heterogeneity (left panel), the data is
compatible with 6* and intersects hy(6) at 6*. In equations, E[yy;] = Elyy;]*>. With parameter
heterogeneity (right panel), however, ys; mixes equally between processes with parameters 6,

and 0y giving the orange horizontal line. Since hy(6) is convex about 6*, Jensen’s inequality
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implies the mean of yo; under parameter heterogeneity is strictly greater than E[yy;]?

6?2 + 6%

> E 2‘2.
9 [y

Elyai] =

Contrasting E[y;;] with E[y;] gives a testable restriction.

In fact, the convexity/concavity of hy(f) about 6* and the sign/magnitude of the gap

between E[yy;] and E[y;;]* are informative of the presence of parameter heterogeneity. The
positive gap between E[yy;] and E[y;;]* would widen if hy(6) were more convex about #* and
would shrink if hy(0) were more linear about 6*. If hy(0) were instead concave about 6* (like
if ho(0) = v/0), then Elys;] < /Ely.].
TAKING STOCK. This simple example presents two lessons for more general analysis. First,
applicable to many economic applications, parameter heterogeneity is detectable without fully
specifying the density of ;. Economic theory often restricts the generating model (h(#) in
this simple example), but is uninformative of the specific distribution. Second, overidentifying
restrictions and nonlinearity of the moment condition in the parameter of interest are key
ingredients for a test of parameter heterogeneity. Jensen’s inequality implies that the sign
and magnitude of misspecification in the nonlinear moment about 6* are informative of the
presence of parameter heterogeneity. Shown in Section 1.3, accounting for the sign of the gap
gives rise to power gains from considering a one-sided versus a two-sided test.

The following section will outline a test of overidentifying restrictions with power directed
toward parameter heterogeneity for a general nonlinear moment condition model. Unlike
the special case of the simple example, the proposed test will consider environments without
a clear separation between “estimation” and “test” moments. I will show that the GMM

estimator lacks a clear interpretation when unit-level parameter heterogeneity is present.
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1.3 Testing for parameter heterogeneity

This section describes the assumptions required for the test of heterogeneity and the con-

struction of the test.

1.3.1 Generating model

Suppose the researcher observes an i.i.d. sample (x},y%)" for covariates x; and T-dimensional
outcome variable y;. Outcome variable y; is determined by a smooth generating model that

depends on a p-dimensional unit-specific parameter vector 8; and vector of unobserved shocks

E;.
yi = f(xi,€:;6;) (1.3.1)
Random vector u; = (uy;, - . ., up;)" has mean zero with covariance matrix C with 1’s along its

diagonal and is independent of both the covariates x; and unobserved shocks €;. p-dimensional
vector o = (074, ...,0,)" has non-negative elements. All random variables are i.i.d. across
units. The generating model is potentially unknown and is subject to restrictions governed by
a set of moment conditions to be described later. Vector 8* = (67,...,05)" is the mean of 6;.

The correlation of the elements of the parameter vector 8; capture features potentially
present in applications. Consider for example the estimation of production functions. For
sub-industries with advanced manufacturing technologies, capital-intensive firms may be
efficient users of capital or materials. This efficiency may induce correlation among the output
elasticity of capital and the output elasticity of materials.

It is typically difficult a priori to establish a relationship between parameter heterogeneity
and unobserved shocks ;. The assumption of independence can be viewed as a starting point

for a statistical test.
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The researcher has access to an m-dimensional moment vector g(x,y; @) that has a mean

of zero absent parameter heterogeneity when evaluated at 6*

Elg(x,y% 0)] = 0,,,1 where y° = f(x, €; 0%). (1.3.3)

The setup captures the scenario that a researcher has derived a set of moment conditions
that would be correct for a representative agent, but is concerned about the assumption of
parameter heterogeneity. These moment conditions are all that is willing to be assumed for

two leading reasons:

1. The researcher is unwilling to fully specify the distributions of x; and g;; the underlying
economic argument yields implications for the generating model but is uninformative

on the specific form of the underlying random variables.

2. Deriving moment conditions that would be valid under parameter heterogeneity either

isn’t possible or would require additional implausible restrictions.
Assumption 1.3.1. o = sn~"/* where p-dimensional vector s is non-negative.

Assumption 1.3.1 states that parameter heterogeneity shrinks with the sample size. The
assumption is used to establish formal properties of the testing procedure: the amount of
heterogeneity is large enough to threaten the coverage of the conventional confidence intervals
of a GMM estimator yet small enough that no test can detect it with certainty. As will be

discussed in Section 1.3.3, the specific rate of n~/*

is consistent with the literature on testing
for the presence of mixtures in parametric models, as the asymptotic bias will appear in the
moment condition’s second order expansion. Intuitively, the rate can be viewed as a root-n
rate on the variance of the random coefficient since Var(0;) = A/\/n, where A :=ss'© C
and ® is the Hadamard product (the unit-wise product of matrix elements). These different
rates are also a feature in the study of weak instruments, unit roots, and misspecification in

moment condition models (Staiger and Stock, 1997; Elliott et al., 1996; Andrews et al., 2017;

Armstrong and Kolesar, 2021; Bonhomme and Weidner, 2022).
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For what follows, the parameter under test consist of elements of the heterogeneity
covariance matrix. Specifically, the parameter under test is A := Evech(A) for a selection
matrix E = (e;;, ..., e;, ) that is chosen by the researcher (for unit vector e; and iy < --- < d,)
and where the half-vectorization operator vech() stacks the elements of the lower triangular
portion of a square matrix into a column vector. If the researcher is interested in testing for
heterogeneity in all elements of the heterogeneity covariance matrix A, then E equals the
identity matrix I. Otherwise, E selects the subset of vech(A) under test. Such a situation
would arise if a parameter were already a random coefficient or if a researcher were interested

in directing power toward detecting heterogeneity in a subset of the parameter vector.
Assumption 1.3.2. E'A = vech(A).

Assumption 1.3.2 restricts A to be compatible with the selection matrix E. For example,
if E selected the variances of the heterogeneity covariance matrix A, then the off-diagonal
elements of A would equal zero. The condition is trivial when all elements of the heterogeneity
covariance matrix are under test (when E = I) and will be used for deriving an optimal test

for subvector heterogeneity.

1.3.2 Setup

Since Equation 1.3.3 is all that the researcher is willing to assume in the absence of unit-level
parameter heterogeneity, the researcher would proceed with estimating 8* by the generalized

method of moments. The GMM estimator is defined as
6 = arg min 1 zn: g(x,y:0)Wg(x,y;0)
0O 1, ~ s A

for positive semidefinite weight matrix estimator W.
To establish the upcoming results on the asymptotic behavior of the GMM estimator and
heterogeneity test, Assumption A.1.1 found in Appendix A.1.2 adapts the conditions of Newey

and McFadden (1994) to my context. These assumptions restate textbook conditions required
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for GMM estimation to counterfactual data y° generated absent parameter heterogeneity.
For example, Condition (i) of Assumption A.1.1 states that absent parameter heterogeneity,

parameter @* is identified by the moment condition. Based on these conditions, I define

0

~:8(x,y";0%)] and the (positive definite) moment

the expected Jacobian matrix G = E|
covariance matrix 3 = E[g(x,y%; 6*)g(x,y%; *)] using the counterfactual data y°.

The Hessian matrix H (with dimensions m by p(p + 1)/2) is the only new population
object relative to those required for constructing confidence intervals in moment condition
models and measures the local curvature of the moment vector about 8*. For the simpler
case of scalar §, H = E[g%g(xi, y¥;0%)] is an m-dimensional vector and stores the second

derivatives of the moment function with respect to 6 evaluated at #*. For multivariate 8, H

stores its own and cross second partial derivatives for each moment in the moment function:

vech(H; )’
H= : where H, = E

2

0. g+ _
8089/97”(3973’“9) forr=1,...,m (1.3.4)

vech(H,,)’

For what follows, the duplication matrix D maps the half-vectorization operator to the
vectorization operator vec(A) = Dvech(A) for symmetric matrix A.
Assumption A.1.2 of Appendix A.1.2 includes regularity conditions that are required for

the consistency under the local alternative.

Assumption 1.3.3 (Smoothness). For the model in Equation 1.3.1, the following conditions
also hold:

i) For all 8 € ©, f(x,¢€,0) is twice continuously differentiable in @ with probability 1.

it) For all 8 € ©, g(x,y;0) is three times continuously differentiable in'y and 0 with

probability 1.

.o 2 o 5
iii) For moment r, Opy, = %
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Assumption 1.3.3 imposes smoothness on the moment function and generating model.
These conditions are consistent with the applications to dynamic panel models. The
conditions are also required for the Taylor expansions used in proving consistency and
asymptotic normality of the GMM estimator. In particular, the stronger requirement of
three times continuous differentiability of the moment function imposed by the second
condition is used in Lemma A.1.4 of Appendix A.1.2 for proving consistency of the sample
expected Hessian matrix estimator H under local parameter heterogeneity. The requirement
Orxp = % in part iii) is a common feature of dynamic panel applications. Simplifying

expressions, the assumption allows the bias induced by parameter heterogeneity to be

summarized by H alone (see the forthcoming results).?

Example. (Illustrative measurement error model, continued from Section 1.2.2.) Written
in a moment condition framework, the moment function, expected Jacobian matrix, and

expected Hessian matrix are

The moment condition contrasts the data with the model under parameter homogeneity. The
first element of the expected Hessian matrix is zero since the first moment condition is linear
in the parameter 6. To ease exposition, I will take the moment covariance matrix for this

example to equal the identity matrix 3 = 1.

3Condition iii) of Assumption 1.3.3 can be dropped. Applying Lemma A.1.3, it suffices to modify
H in Definition 1.3.4 to include additional terms that contain second cross partial derivatives with re-

v\ 92 o0.g*
spect to @ and y. Specifically, replace H, with E %{;G,gr(xi,y?;e*)} + E[(af(xi’ei’o )) 079r(xi:y;:07)

06’ Oy06’ ] +
R [ (2f(xi.ei:0) 929, (xi,y%:0%) ]
00’ Oy o6’ .
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1.3.3 Asymptotic bias and fitted moments

Lemma 1.3.1. Impose Assumptions 1.3.1, 1.5.2, 1.3.3, A.1.1, and A.1.2. Then,
1
\/_Zg Xi,yi:0%) = ‘/_Z{ (i, £(xi,€1;6°); 67) — SH(D'D)EA| +0,(1).

Lemma 1.3.1 shows the moment conditions evaluated at the mean parameter 6* are

/4 in Assumption 1.3.1 gives rise to a second order

asymptotically biased. The rate of n™
term coming from the second order Taylor expansion of y; = f(x;, &;; 6;) about 8*. Notably,
the first order term from the Taylor expansion of y; disappears because u; is mean zero and
is independent of x; and &;.* The rate n'/4, disappearance of a first-order term in a Taylor
expansion, and reliance on the second-order term appear when testing for the presence of
heterogeneous parameters for fully-specified parametric models (Lindsay, 1995; Gu, 2016).
Mirroring the Jensen’s inequality intuition found in the measurement error example of Section
1.2.2, the asymptotic bias term is nonzero when the moment function is nonlinear in 8 about
0" (measured through Hessian matrix H) and under parameter heterogeneity (when the

heterogeneity covariance matrix A is non-zero). The duplication matrix D appears because

the expected Hessian matrix H is written using the half-vectorization operator.

Proposition 1.3.1 (Asymptotic normality). Impose Assumptions 1.3.1, 1.5.2, 1.5.3, A.1.1,
and A.1.2. Then,

~

N N(;(G’WG)”G’WH(D’D)E’A, avar(8))

where avar(0) = (G'WG) 'G'WEW'G(G'WG) !

Local parameter heterogeneity induces asymptotic bias in the GMM estimator, which

ultimately affects inference. Proposition 1.3.1 shows that the asymptotic bias (which is at

4An alternative approach considers a rate of n~1/2 on the reparametrized 7, = a,% and uses L’Hopital’s
rule (Chesher, 1984; Hahn et al., 2014). Such an approach would give rise to a similar asymptotic expansion
but would require the additional assumption of symmetry on the heterogeneity distribution as discussed in
Lindsay (1995).
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the same magnitude as the standard errors) is zero under parameter homogeneity (A = 0)
and increases with nonlinearity in the moment condition about 8*. The asymptotic bias
ultimately affects coverage of the average parameter. Consider a (1 — «) x 100 percent
conventional confidence interval for 6*, which is computed as 8 + z*__ /2\/avar(§)/ n for the
1 — a/2 quantile of a standard normal distribution 2} /2- Since the asymptotic variance is
the same as it would be under parameter homogeneity, the conventional confidence interval

necessarily under-covers.

Proposition 1.3.2 (Fitted moments). Impose Assumptions 1.5.1, 1.3.2, 1.8.3, A.1.1, and

A.1.2. Then,

n

=5

n - 1
3 g(x,yi; 0) & N(~5;MwH(D'D)E'A, My EMy)
=1

for Mw = (I, — G(G'WG)"'G'W).

Parameter heterogeneity however is detectable in the fitted GMM moments when there
are more moments than parameters. Proposition 1.3.2 shows that the fitted GMM moments
are generally non-zero. Like the expression for the asymptotic bias of the GMM estimator,
the asymptotic mean of the fitted GMM moments shrinks with the sample size, depends on
the magnitude of parameter heterogeneity (through heterogeneity covariance matrix A), and
increases with nonlinearity in the moment condition. Through Mw (compare to Py in Newey
(1985)), the term can be interpreted as the residual (scaled by —1/2) of the generalized least
squares regression of H(D’D)E’A on G with precision matrix W. Then, the resulting residual
is non-zero when there are more moments than parameters just as in standard results on
GMM over-identification tests (Hansen, 1982). Note that the asymptotic covariance matrix
given in Proposition 1.3.2 is singular.

Example. (Illustrative measurement error model, continued) Deviating from the illustration,
now suppose that the researcher attempts to estimate 6* using both moments rather than

solely the linear one. Under local heterogeneity, the GMM estimator with an identity weight
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matrix is asymptotically biased:

. 20* 1
6 0) % N( A )
vl ) 400724+ 1 7 4(07)2 + 1
The bias depends on the value of 6* and on the degree of parameter heterogeneity. The fitted
GMM moments are also off-center
n . 1 —20* 1 4(0%)? —20*
S o) 5 . )
n = 40°)2+1| 4 A0 +1 | o9 1
The first linear fitted GMM moment condition is off-center for 6* # 0 since the GMM

estimator is asymptotically biased.

1.3.4 Constructing a test for parameter heterogeneity

Section 1.3.4.1 describes a limit experiment that forms the basis of the test for parameter
heterogeneity. Section 1.3.4.2 introduces the heterogeneity test in the special case of testing
for scalar heterogeneity. Section 1.3.4.3 generalizes the heterogeneity test to the multivariate

case. See Section 1.4 for a discussion on semiparametric efficiency.

1.3.4.1 Limit experiment

The limiting distribution of the fitted GMM moments in Proposition 1.3.2 summarizes
the over-identifying restrictions of a moment condition model and can be viewed as a
limit experiment. Proposition 1.3.1 and Lemma A.1.4 of Appendix A.1.2 imply that the

sample estimators of the expected Jacobian G = %Z?Zl %g(xi,yi; é), expected Hessian

o 1 9? .0 : v 1 .0 .0V
H, = =Y 56599 (Xi, ¥i; 0), and moment covariance ¥ = -3 g(x;, y4; 0)g(Xi, yi; 0)

matrices converge in probability to G, H,., and X respectively under the alternative hypothesis.

These matrices can therefore be treated as known for hypothesis testing using the limiting
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distribution of Proposition 1.3.2 noted as X:
1
X ~ N(—iMWH(D’D)E'A, MwXEXMw'). (1.3.5)

The above display can be viewed as a limit experiment consisting of a single draw from a
multivariate normal distribution with a known covariance matrix. I formalize this discussion
in Section 1.4.

The score vector for testing A = 0 in Equation 1.3.5 summarizes the deviations of X
from the null hypothesis of no parameter heterogeneity. The score vector in this case is the
gradient of the log-likelihood function of the multivariate normal random variable described
in Equation 1.3.5 with respect to A evaluated at A = 0. Proposition A.1.2 of Appendix A.1.2
shows that the score vector is equal in distribution (up to a constant) to the Hessian-weighted

sum of the normalized fitted GMM moments
1
S=E(DDHXZ 'X ~ N(—§Q)\, Q) (1.3.6)

where Q = E(D'D)H'YX"'MH(D'D)E’ and M = My-:. Proposition A.1.2 also implies
that the score vector is invariant to the choice of weight matrix W so long as G'WG is full
rank—the test statistic remains the same regardless of the choice of weight matrix. If testing
for heterogeneity for a subset of the parameter vector, E select the columns of the expected
Hessian matrix H that correspond to the parameters under test since D'D is diagonal. Thus,
in practice, the full expected Hessian matrix needn’t be computed if testing for heterogeneity

for a subset of the parameter vector.
Assumption 1.3.4. Q is full rank.

Assumption 1.3.4 can be viewed as a joint requirement of the existence of over-identifying

restrictions (through M) and local nonlinearity of the moment function corresponding to the
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parameters under test (through E(D'D)H). Since 2 is positive semidefinite by construction,

the condition ensures €2 is invertible and positive definite.

1.3.4.2 Test for scalar heterogeneity

When A is a scalar, a test for heterogeneity based on the limiting score vector of Equation
1.3.6 is one-sided. Under Assumption 1.3.4, the scalar score S defined in Equation 1.3.6
is mean-zero under the null hypothesis and necessarily has a negative mean under the

alternative hypothesis since () is positive. Thus, an infeasible level a test rejects when

H'Z X
VQ

test is infeasible because the population objects are required to be known. A feasible test

< z, where z, gives the a quantile of a standard normal distribution. Such a

requires replacing the population matrices and vectors with their sample analogues (with full

conditions specified in the multivariate test of Definition 1.3.1 to follow).

Example. (Illustrative measurement error model, continued) For ) = m, the sample

analogue of the scalar score is

S=HS Y S gy ) = 2V S s 7 S N(-Loa ).
noi= noi= 2
Recall that the expected Hessian matrix H doesn’t depend on f since the polynomial order of
the two moment conditions with respect to 6 is less than or equal to two (and X is taken to
be the identity matrix for ease of exposition). Observe that the first element of the expected
Hessian matrix is zero since the first moment condition is linear in 6. Consistent with the
Jensen’s inequality intuition from Section 1.2, the score vector examines deviations between
the second and first moment conditions. A feasible asymptotically level a test rejects when

S / \/6 < Z4. Consistent with the visual illustration, rejection occurs when the sample mean

of yy; is sufficiently greater than 62
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1.3.4.3 Test for multivariate heterogeneity

When A is instead a matrix (and again imposing Assumption 1.3.4), the one-sided scalar
test can be generalized by computing the generalized likelihood ratio test statistic on the
score vector of Equation 1.3.6. This procedure is based on Silvapulle and Silvapulle (1995)
and is analogous to the proposal of the parametric test of Gu (2016). I study the power
properties of the test in Section 1.4.2. For now, begin with defining an infeasible test statistic
that requires knowledge of the population objects

T-SQ'S— i {S + 19)\}/9‘1 [S + 1m] (1.3.7)

X:vech™1(E/\)eC 2 2

where € gives the set of positive semidefinite matrices and vech™" reconstructs a symmetric
matrix from its half-vectorized form. A level « test rejects when T > cv,, for critical value
cv, and works by contrasting the score vector under the null (first term) and alternative
hypothesis (second term).

Under the null hypothesis, the score vector is mean zero S ~ N(0,€2) and T follows the
chi-bar-square distribution. This distribution is formed as a mixture of chi-squared random
variables with further properties described in textbook references on ordered regressions like
Robertson et al. (1988) and Silvapulle and Sen (2001). More generally, this distribution
appears in tests on the boundary of the parameter space (see for example Chernoff (1954);
Andrews (1996)). Computation of the test statistic involves a convex objective function with
convex constraints and is thus easy to implement using standard optimization software.’
The critical value for a level « test can be computed through simulation: (1) Take draws of
S ~ N(0,€2), (2) Using the draws from Step 1, compute the test statistic of Equation 1.3.7,
(3) The critical value cv, is the 1 — a quantile of the distribution from Step 2. The infeasible
scalar test outlined in Section 1.3.4.2 is a special case of the multivariate test outlined here

when o < 0.5.

5Throughout this paper, I compute the test statistic using the fmincon function in MATLAB constraining
the eigenvalues of A to be non-negative.
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Accounting for the positive semidefinite constraint of A gives rise to power gains relative
to tests with a limiting chi-squared distribution under the null hypothesis. Let’s proceed
term-by-term. The first term of T is S’Q27!'S and can be understood as a measure of general
misspecification of the score. The term examines general deviations of S from zero rather
than solely those arising from positive semidefinite matrices €. By itself, this first term is
the traditional Rao score test statistic (see e.g. Chapter 12.4.3 of Lehmann and Romano
(2022)) and follows a chi-squared distribution under the null hypothesis. The second term
infy, eon—1 (w2 ce {S + ;Q)\}/Q_l [S + ;ﬂ}\] directs power toward the specific alternative
hypothesis of parameter heterogeneity. To see this, suppose for simplicity that E =TI and
that the constraint of positive semidefiniteness of A were dropped—that € instead equaled
Rp(p+1/2xp(p+1)/2 - Then the second term would be identically zero, giving rise to a test
statistic T that equals the first term.

Definition 1.3.1 is the feasible analogue to the infeasible test statistic of Equation 1.3.7,

replacing the population objects with their corresponding estimators:

Definition 1.3.1 (Heterogeneity test statistic). Impose Assumptions 1.3.1, 1.5.2, 1.3.3, A.1.1,
A.1.2, and 1.5.4. Let S, = E(D’D)ﬁ’i}_lﬁ " g(x;,y::0°%). Then, the heterogeneity
test statistic is

o~ o~ //\ o~
T,—=S07'S, — i {Sn 4 ;m] Q! {Sn 4 ;m]

X:vech~1(E/M\)ee

where % is an efficient GMM estimator, Q = E(D’'D)H'S'MH(D'D)E’ and € is the set

of positive semidefinite matrices.

Critical values for the multi-dimensional heterogeneity test statistic can be computed by
following the same simulation procedure for the infeasible test after substituting €2 with Q.

REMARKS
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1. A normalized version of the score vector can be interpreted as a single draw from a

multivariate normal distribution centered at A

—207'S ~ N(A, Q7).

Rescaling, the observation can be interpreted as an estimate of parameter heterogeneity
since Cov(8;) = A/y/n. Analogous to the “Moderate Measurement Error” condition
of Evdokimov and Zeleneev (2023), this interpretation is most appropriate when the
true data generating process is well approximated by the generating model of Section
1.3.1—in particular, that parameter heterogeneity is not too large and that parameter

heterogeneity is independent of the underlying shock.

2. The proposed heterogeneity test achieves power gains over the J test in two main ways.
First, the heterogeneity test is based on the score vector, which weighs the sample
moments evaluated at the GMM estimator by the expected Hessian matrix H. In
contrast, the J test examines deviations of the fitted sample moments weighted by the
inverse moment covariance matrix. The two tests therefore place different weights on
the moment conditions. Second, the heterogeneity test directs power by exploiting the
specific geometry of the alternative hypothesis parameter space through the likelihood
ratio test. The J test looks to general deviations of the moment conditions using
a quadratic form, where the degrees of freedom of the null chi-squared distribution
increases with the number of moment conditions. Thus the heterogeneity test achieves

power gains by looking to a narrower set of alternative hypotheses.
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1.4 Semiparametrically efficient testing

Section 1.4.1 sets up the framework for evaluating semiparametric efficiency. Section 1.4.2
discusses the main result, showing that the proposed test maximizes a weighted average

power criterion for distant alternatives. Section 1.4.3 contains additional technical details.

1.4.1 Setup

The infinite-dimensional nuisance parameters corresponding to the densities of (x’,y’)" and
u present a technical challenge in deriving results on asymptotic efficiency. The analysis is
based on a least favorable submodel—one that makes the testing problem the “hardest.” In
this section, I adapt the discussion of Chapter 25 of van der Vaart (1998), allowing for the
second order expansion required by the random coefficient framework and for multivariate
testing.

The generating model of Section 1.3.1 can be expressed as the semiparametric model

Py+ o+ vech(C) pay,p.. Where the densities of data (x',y’)’

and u are p,, and p, respectively.
These densities can be viewed as infinite-dimensional nuisance parameters. I consider a
one-dimensional submodel indexed by ¢, which can be viewed as a smooth curve embedded
within a larger semiparametric model that intersects the true model at ¢t = 0. Later, I'll study
local asymptotic power, examining paths that scale with the size of the sample t = n~/2.

Specifically, the model parameters drift from their true values (8%, 6*)" as ¢ increases
0, =0 +ctand oy = o* + sVt (1.4.1)

where * = 0 (representing the null hypothesis of no parameter heterogeneity), ¢ € R?, and
s is a p-dimensional vector on the non-negative orthant. As will be discussed in Section 1.4.3,
the curved path for o is required for the second-order expansion of the semiparametric score

function. The densities p,,+(x,y; @) and p,;(u) are unknown, differentiable with respect to ¢,
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and equal their true values p,,(x,y; @) and p,(u) when ¢ = 0. Along the path ¢, the densities
are subject to the moment condition of Equation 1.3.3.

Testing for the presence of parameter heterogeneity can then be stated as testing for
the presence of a mixture distribution. Absent parameter heterogeneity (when ¢ = 0), the
density for (x',y’)" is qo(X,y) = pay(X,y; 0*). With parameter heterogeneity (when ¢ > 0),

the density of (x/,y’)" mixes over u

u(x,y) = /sz,t(X7Y§ 0, + diag(u)at)pw(u)du.

Unlike parametric tests for the presence of mixture distributions, the specific distribution for
Dy is unknown. These challenges are discussed in Section 1.4.3.

SCORE FUNCTION. For computation of the semiparametric score function, Assumption
A.1.3 of Appendix A.1.3 imposes two times continuous differentiability of the density of
(x',y") with respect to 8. Lemma 1.4.1 shows that the semiparametric score function can be

decomposed into parametric and non-parametric components:

Lemma 1.4.1. Let operator % give the right-sided partial derivative with respect to t. Impose

Assumptions 1.3.2, A.1.8 and A.1.4. Let (x',y") be on the support of the probability model

PO* 0" »VeCh(C) yPayPu * Then’

8 .
67: log q:(x,y) ;o = a'(x,y) + 1(x,y)
. 1 Zpay(x,y; 07)

€x,y) = ———o~
Pay(%, Y3 0%) | 1B (DD)vech (52 poy (x, y; 7))

fora = (c',N'), measurable function n(x,y) = 0log p;(x,y;0%)/0t, and X = Evech(A).

£(x,y) can be interpreted as the score function for the parametric part of the model
holding fixed the non-parametric part. The first term of é(x, y) is the score for 8* and the
second term is the score for o*. The second term arises from the curved path for o; and

differs from standard results on semiparametric models where the parameter of interest is
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partitioned from the nuisance parameter (like Chapter 25.4 of van der Vaart (1998)). The
selection matrix E selects the non-zero elements of the heterogeneity covariance matrix
A = Evech(A) and appears to account for the case where the researcher is only interested in
testing for parameter heterogeneity for a subset of the estimated parameters (when certain
elements of A are known to be zero). 7(x,y) can be interpreted as the score function for
the density of (x',y’)" of the model holding fixed the parametric part. Notably, the score
function for the density of u doesn’t appear in the semiparametric score. For the results to
follow, the technical condition of differentiability in quadratic mean described in Definition

A.1.1 of Appendix A.1.3 is required for local asymptotic normality to hold.

1.4.2 Semiparametric efficiency

Having defined the semiparametric submodel, this subsection discusses semiparametric
efficiency of the heterogeneity test in the scalar and multivariate cases. Theorem 1.4.1, the
main result of this subsection, will show that the heterogeneity test is the most powerful

test for moderate amounts of parameter heterogeneity. For what follows, let ¢ — P, be

all+n
the submodel described in Section 1.4.1 (indexed by t) with arbitrary score function a’€ 4 7
matching the convention of Chapter 25.6 of van der Vaart (1998). Selection matrix E selects
the elements of the heterogeneity covariance matrix under test. The “tangent set” describes
the set of score functions and is (c/, X')"£+1 for ¢ € R?, A = Evech(A) where A € €, and 7y € P
for the nuisance tangent space P. Since € is a convex cone, the tangent set is a convex cone.
Lemma A.1.5 of Appendix A.1.3 shows that P consists of all measurable mean-zero random
functions 7(x,y) with finite variance such that 0,1 = [f g(x,y; 0" )n(X,y)pzy (X, y; 0% )dxdy.

The tool underpinning Theorem 1.4.1 (to follow) is the asymptotic representation theorem

(see e.g. Theorem 9.3 of van der Vaart (1998)).5 A statistic that converges weakly in the

model B,—1/2 54, 18 “matched” by some statistic in the limit experiment—in this case, the

8Care is required for applying the result. As discussed in the proof of Theorem 25.44 of van der Vaart
(1998), the argument requires adapting results on parametric testing by specifying an orthonormal base of
score functions. The covariance matrix, which is the inverse of the efficient information matrix, arises from a
sufficiently large base.
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limit experiment is a single observation Z of a multivariate normal distribution with mean

vech(A) and variance 4Q~1:

Z ~ N(vech(A),4Q71). (1.4.2)

Consequently, no sequence of tests can asymptotically be “better” (as will be defined below)
than the “best” test in the limit experiment. Hence, it suffices to study Equation 1.4.2 for
establishing the asymptotic properties of tests. Equation 1.4.2 also implies that the discussion
of Section 1.3.4—particularly on score vector S— focuses on the correct limit experiment. To
see this, a rescaled version of Z given by —%QZ is equal in distribution to S.

Since the matrix A is unknown, Equation 1.4.2 shows that tests for multivariate parameter
heterogeneity inevitably require trading off power in detecting heterogeneity among the
parameters under test. Illustrating, one approach for evaluating the tests in the limit
experiment of Equation 1.4.2 is to compare the power of a test for one particular pointwise
alternative. Call such an alternative vech(A). Then, the Neyman-Pearson lemma implies
that any other test is less powerful than the likelihood ratio test comparing the pointwise
alternative vech(A) against the pointwise null 0. However, this criterion would fail to reward
tests with power against other potential alternative hypotheses.

I will instead consider a weighted average power criterion (Andrews and Ploberger, 1994).
The criterion is a weighted sum of the power of a test across potentially many alternatives.
Specifically, I consider a criterion that maximizes power against ellipses centered about the
null hypothesis. Mathematically, let’s define the weight function w,(X). For radius r > 0, let
pa(A;7) be the probability density function of rQ2~1/2¢ where ¢ is uniformly distributed on the
p(p + 1)/2-dimensional unit sphere. Then, the weight function w,(A) places positive weight

on values of the ellipse whose corresponding matrices vech ™' () are positive semidefinite

w,(A) = 1[vech ™ (A) € Clpa(A; 1)/ K
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where K = [ 1[vech " (X) € C]px(X;7)dA.

To formally establish results, Assumption A.1.4 of Appendix A.1.3 gives technical condi-
tions that allow the interchange of integrals and derivatives. Theorem 1.4.1 shows that the
heterogeneity test asymptotically maximizes a weighted average power criterion with weight

function w,(A) as r diverges:

Theorem 1.4.1. Impose Assumptions 1.3.2, 1.8.3, 1.5.4, A.1.1, A.1.2, and A.1.J. Suppose
P, (& anisn 18 differentiable in quadratic mean at t =0 and (c’, N)E + 1 is a member of the
tangent set. Suppose Z ~ N(X,4Q71) and 7 (X;r) is the power function of a level- test of
Z for Hy: X =0 that maximizes the weighted average power criterion [ 7*(X;r)w,(X)dX for

r > 0.
1. Let P+ m,(P) be a sequence of power functions in the local experiment that is level-a
for each n. Then,

lim lim sup/Wn(Pnfl/g’(C/)\,)éﬂ)wr()\)d)\ < lim [ 7(A;r)w,(A)dA.

T—00 n—oo r—00

2. Let Pt =1 when the asymptotically level-a heterogeneity test based on S, rejects and

het

et =0 otherwise. Then,

lim lim [ B, o il o (N)dA = lim [ 7 (Asr)u (A)dA,

The first part of the theorem establishes a power bound according to a weighted average
power with weight function lim, ., w,(A) with diverging radius. The result can be viewed as
an extension of the scalar semiparametric optimality result of Theorem 25.44 of van der Vaart
(1998) to a multivariate weighted average power criterion applied to the context of this paper’s
setting. The second part of the theorem establishes that the heterogeneity test achieves
this power bound for distant (through diverging radius r) though local (since heterogeneity

shrinks with the sample size) alternatives. It is in this sense that the heterogeneity test is
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optimal against “moderate” amounts of parameter heterogeneity. In addition, the result
shows that the heterogeneity test is asymptotically admissible, that any other test with higher
power for a particular alternative hypothesis necessarily has lower power for another. The
second part of the theorem can be viewed as a multivariate generalization of Theorem 25.45
of van der Vaart (1998) combined with the result of Andrews (1996).

For the special case of scalar heterogeneity, Corollary A.1.1 found in Appendix A.1.3 shows
that the scalar test for heterogeneity described in Section 1.3.4.2 is the locally uniformly most
powerful test. The result can be seen in Equation 1.4.2 for a scalar A. Here, the best test is
one-sided and doesn’t depend on the particular value of A > 0, rejecting for large positive
values of Z. Corollary A.1.1 shows that the heterogeneity test “matches” this optimal test.

REMARKS.

1. In the limit experiment, the test of Hahn et al. (2014) can be matched with a test
that rejects for large values of iZ’ QZ. As a result, the test rejects for a broader set of
alternatives (for general deviations from 0 and not just those from the constraint of
positive semi-definiteness) and experiences a power loss relative to one that accounts

for the positive semidefiniteness constraint.

2. The analyses in this section extend the fully parametric analyses of Gu (2016), which
also study heterogeneity tests in a LeCam framework, to moment condition models.
Fully specifying a likelihood as is done in the framework of Gu (2016) gives rise to a
C(a) test based on the second-order derivatives of the log likelihood function. These
moments based on second-order scores are generally distinct from the moments used for
estimation (those from the score function) and often can be interpreted as measuring
the compatibility of higher order moments of the data as later illustrated in Section
1.5. The expansion of Lemma 1.4.1 reduces to that of Gu (2016) if the likelihood were

instead fully specified, as the moment restrictions would be redundant.
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3. For a general set of problems, it is difficult to make arguments in favor of one weight
function over another (Andrews, 1998). The particular weight function in Theorem
1.4.1 can be viewed as the one that rationalizes the use of the likelihood ratio test—a

test that is computationally tractable and well-studied.

4. The weighted average power result follows from the geometry of the null and alternative
hypothesis parameter spaces. In particular, the null hypothesis is simple while the
alternative hypothesis space is positively homogeneous since the space of positive

semidefinite matrices is closed under multiplication by positive constants.

Rewriting, the multivariate Gaussian limit experiment can be written as a Gaussian

linear regression model with as many observations as unknowns:

Z: 91/2/A+’I7

for independent standard normal vector n and Z = —29Q~/28. Z and QY% can be
interpreted as data, while A can be interpreted as regression coefficients. Thus, the

limit experiment is a special case of Theorem 1 of Andrews (1996).

5. The multivariate test of Gu (2016) also considers a likelihood ratio test based on the
score vector. Consequently, the application of the result of Andrews (1996) in Theorem
1.4.1 can also be applied, so the test of Gu (2016) also asymptotically maximizes
weighted average power against distant alternatives in a fully parametric baseline

model.

6. The scalar optimality result is a direct application of the results on semiparametric
testing in Chapter 25.6 of van der Vaart (1998) while the general multivariate result of
Theorem 1.4.1 extends these same arguments to the particular multivariate hypothesis

testing problem considered in this paper.
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1.4.3 Proof sketch

This subsection gives theoretical context for Theorem 1.4.1 by describing the computation of
the efficient influence function and efficient information matrix, which can be viewed as an

information bound for the heterogeneity covariance matrix.
The functional of interest is (P, o x)ity) = Ao + At for Ag = 0. The test consists of a

simple null hypothesis on the boundary versus a composite alternative
Hy: ¥(P) =0 vs. Hy: 9(P) € {\:vech }(E'A\) € €} \ 0. (1.4.3)

Looking to the one-dimensional submodel, %(P, (o xyi1,,) = At belongs to the alternative
when ¢ > 0 while 9 (F) s x144,) = 0 belongs to the null hypothesis. I consider a neighborhood
of the true model that shrinks with the sample size t = n=1/2, so Y(P, 12 (0 ayirn) = An~1/2.

Analogous to the information matrix in likelihood theory, the efficient information matrix
can be interpreted as the summary of the information available for Ag. To compute, note that
Y( P, (o xyity) is differentiable in the ordinary sense at ¢ = 0 as 049 (F, (o aniyy) /Ot =g = A
Then, the Riesz representation theorem implies A is differentiable as a parameter on the
model” if and only if there exists some function ’IE(X, y), the efficient influence function, such

that

A =E[p(x,y)(@L(x,y) + n(x,y))].

Setting A to zero, it suffices to find %(x,y) such that E[(x, y)n(x,y)] = 0 and
E[(x,y) 22:Dy(x,y;600)] = 0. Lemma A.1.7 in Appendix A.1.3 finds such a function P(x,y),

showing that the efficient information matrix and efficient influence function are

I1=9Q/4and ¥(x,y) = —;TlE(D’D)H’ElMg(x,y, 0").

"See page 363 of van der Vaart (1998) for a more detailed discussion.
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The efficient information matrix reflects the information loss from ignorance of the density
Pay(X,y) and parameter 6*. The inverse of the efficient information matrix is an informational
bound on Ag which is exactly the covariance of the limit experiment Z described in Equation

1.4.2.

1.5 Simulations

In this section, I show that the moment-based testing procedure has good finite sample
properties in a panel AR(2) like that considered in Section 1.2.1. While likelihood-based
tests have higher power when the distribution of shocks is correctly-specified, I show that the
likelihood-based C(«) test over-rejects when the likelihood function is incorrectly specified.
Furthermore, the simulations illustrate that neglecting parameter heterogeneity can lead to
severe under-coverage of the mean autoregressive coefficient under conventional confidence
intervals.

SETUP. I consider a stationary random coefficients panel AR(2) with 7' = 10 periods and

6000 observations

Yit = O1:Yit—1 + P2:Yitr—2 + €, P1i ~ N(.5, 52)7 ¢a; ~ N(.3, 52)- (1.5.1)

Parameter heterogeneity is determined by the parameter ¢, which ranges from 0 to 0.16.
Mean zero and unit variance shocks €;; are independent over units ¢ and are white noise over
time ¢.

Motivated by features of the data in macroeconomic applications, I consider shocks €;
that are (1) i.i.d. Gaussian, (2) i.i.d. Skew-t with 8 degrees of freedom and shape parameter
of -0.5 (Hansen, 1994), and (3) ARCH(1) (with ARCH parameter 0.4) shocks. Shocks of the
first type serve as a benchmark. Shocks of the second type are skewed and have tails that
are heavier than those of a normal distribution. Shocks of the third type are conditionally

heteroskedastic, mimicking features found in time series datasets. I consider a two-step
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Figure 1.5.1: Empirical rejection probabilities by test and shock distribution. The horizontal axis gives the
standard deviation of the random coefficient ¢ and the vertical axis gives the empirical rejection probability.
“Het” gives this paper’s moment-based heterogeneity test, “Gaussian” gives a Gaussian likelihood C(«) test,
“J” gives a GMM Sargan-Hansen J-test, and HNS gives the Hahn et al. (2014) test.

efficient GMM estimator (that neglects parameter heterogeneity) whose moments are formed
by matching autocovariances of E[Ay;Ay;_4]. Just as in the illustration, I consider the
model in first differences to mimic dynamic panel applications that use first differences to
eliminate unit-specific fixed effects.

I compare this paper’s test to three alternative testing procedures. The first test is the
C(«) test of Gu (2016). For comparability, the likelihood-based test is based on the stationary
panel AR(2) of Equation 1.5.1 in first differences under the assumption of homogeneous
autoregressive coefficients and i.i.d. Gaussian shocks. The test represents a researcher
who is interested in testing for parameter heterogeneity where shocks are potentially non-
Gaussian, but proceeds anyway with a Gaussian likelihood-based test. The second test is
a standard J-test of overidentifying restrictions, and represents a textbook procedure for
model misspecification. The third test is the heterogeneity test of Hahn et al. (2014) (HNS),
formed as a GMM Lagrange Multiplier test with a chi-squared distribution under the null.
HNS serves as a comparison for the value of considering an unconventional test statistic over
a two-sided test that doesn’t exploit the structure of the alternative hypothesis parameter

space.
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Figure 1.5.2: Empirical coverage by parameter and shock type. The horizontal axis gives the standard
deviation of the random coefficient § and the vertical axis gives the empirical coverage for 95% confidence
intervals.

From Figure 1.5.1, all four tests control size under Gaussian shocks. Exploiting deviations
in higher-order moments (like kurtosis), the Gaussian C'(«) test is also more powerful across
. Unlike the GMM tests, size control however is lost for the C'(«) test under skew-t and
ARCH(1) shocks—the same sensitivity to higher order moments that give rise to power gains
in the Gaussian case make the test vulnerable to misspecification of the shock distribution.
The three GMM tests control size under non-Gaussian shocks, with the J giving the lowest
power across values of §. The J test’s power is spread across many possible alternatives, not
just parameter heterogeneity. Finally, the power gains of my proposed test over HNS suggest
the value of taking the positive semidefinite constraint into account.

Consistent with the theoretical results on the asymptotic bias of GMM estimators described
in Section 1.3, Figure 1.5.2 shows that parameter heterogeneity affects the estimator’s finite
sample properties. Under the three choices of shocks, the estimator’s empirical coverage for
pointwise conventional confidence intervals is near their nominal coverage for small amounts of
parameter heterogeneity. As parameter heterogeneity increases (particularly above § = 0.08),
the empirical confidence intervals potentially severely under-cover. These results illustrate
that neglecting parameter heterogeneity can potentially lead to severely distorted inference

when the parameter of interest is the mean autoregressive parameter.
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1.6 Empirical applications

I demonstrate the applied utility of my test with two applications. First, I show how the
proposed test can be used as a diagnostic for determining the appropriate level of aggregation
in characterizing income dynamics. Second, I show that neglecting plant-level heterogeneity

in the output elasticity of variable inputs affects estimates of the distribution of markups.

1.6.1 Income dynamics

Under incomplete markets, earnings risk is a critical ingredient in a large range of economic
questions—including understanding consumption/wealth inequality (Heathcote et al., 2010),
designing counterfactuals for tax policy (Conesa et al., 2009), and the determination of asset
prices (Constantinides and Duffie, 1996). Researchers have recognized the need to allow for
heterogeneity across some dimension, like education.

In this section, I show that unit-level heterogeneity in the persistence of income shocks is

detectable even in a standard survey dataset. Across different aggregations of educational
subgroups, I show how the proposed test can be used as a guide for choosing appropriate
sample splits for characterizing income dynamics by educational groups.
DATA. Following Guvenen (2009), my sample is the Panel Survey of Income Dynamics,
including household heads that worked between 520-5110 hours per year, with average hourly
earnings between $2 and $400 (in 1992 terms), and excluding the poverty sample. y;; gives
labor income excluding wages, bonuses, commissions, and the labor portion of farm/business
income.

ESTIMATION. I consider a model for income dynamics with income profile heterogeneity
Yit = 0 + 0¢ + Bihig + it + 2it, 2w = pZie—1 + €t

for transitory shock 7, autoregressive income shock z;;, unit fixed effect 9;, and time fixed

effect d;. h; is tenure (proxied by age) where f3; is a random coefficient that varies by
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individual with variance Var[3?] = ag. Mean zero shocks 7n;; and ¢;; are independent across
units, are jointly independent, and white noise over time. The white noise condition allows
for conditional heteroskedasticity (like ARCH dynamics). Unlike likelihood-based tests, I
do not need to commit to a specific model for modeling heteroskedasticity or to the shock’s
specific distribution. Averaging over units, let E[n;] = o7 and E[e}] = o2.

Similar to Guvenen (2009), I estimate parameters (p, 03, 07,02)" by matching empirical
and model-implied autocovariances. For ¢;; = y; — + > 1 Yit, I consider the lag 0 through

n

lag 11 autocovariances of Ay = Vir — Yir—1:

2

E[(Aj)?] = 02 + 202 + 22—
(ATl = o + 20} + 277
_ _ a(p—1
E[(AGi) (Afie)] = o2 — 1/t = 1o+ p LY g5y,
p+1
For the m = 12 moments, the p = 4 model parameters are estimated using two-step

efficient GMM. To coarsely capture time variation in parameters, I estimate separately on
the 1968-1980 and 1980-1992 subsamples.®

RESULTS. I test whether parameter p is homogeneous across households. The parameter
is important for macroeconomic models with households, as it is a crucial determinant for
a household’s marginal propensity to consume. Motivated by the education subsamples
often used in the literature on income dynamics (Hubbard et al., 1994; Carroll and Samwick,
1997; Guvenen, 2007), I illustrate how the test for parameter heterogeneity can be used as a
diagnostic for determining the appropriate level of aggregation.

Including all households, Table 1.6.1 shows that the estimated persistence in both sub-
periods is around 0.7. Moreover, the J test fails to reject the null hypothesis of correct
specification at 5%. However, the null hypothesis of homogeneity across households is rejected
at 5% for both this paper’s test and the test of Hahn et al. (2014). These results indicate that

a researcher interested in testing for parameter heterogeneity using only the J test would

8Extending the analyses to richer administrative data, like that of Guvenen et al. (2021), with more
granular sample splits and alternative estimators would be a valuable area of future work.
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Spec. tests
p puns p; | p  SE n | Var(p)
1968-1980
All 0.01 0.02 0.08 | 0.68 0.06 809 0.18
Some college or less | 0.01  0.02 0.06 | 0.55 0.06 599 0.25
HS or less 0.22 0.44 0.36 | 0.54 0.08 309 -
Some college 0.72 054 042 ]0.87 0.13 173 -
Bachelor’s or more | 0.09 0.17 0.71]0.95 0.25 167 -
1980-1992
All 0.02 0.04 040]0.74 0.05 1022 | 0.09
Some college or less | 0.03 0.07 0.31 | 0.73 0.06 652 0.10
HS or less 0.18 0.36 0.68 | 0.73 0.09 262 =
Some college 0.75 0.49 0.31]0.79 0.11 207 -
Bachelor’s or more | 0.20 0.41 0.34 | 0.76 0.08 302 -

Table 1.6.1: Estimation results for the model of income dynamics by education group. The first three columns
give p-values for this paper’s heterogeneity test, the Hahn et al. (2014) procedure, and the J test respectively.
The last three columns give point estimates for persistence p (under the assumption of within-group parameter
homogeneity), the associated standard error, and sample size n. The final column gives an estimate for the
variance of the random coefficient.

potentially miss it in this context. Rescaling this paper’s heterogeneity test statistic (see
Remark 1 of Section 1.3.4) gives a noisy estimate of parameter heterogeneity—the variance
of the persistence parameter across units is estimated to be 0.18 (with a 90% confidence
interval of [0.05, 0.31]) for the 1968-1980 sample versus 0.09 for the 1980-1992 sample (with a
90% confidence interval of [0.02,0.16]). Thus, more granular subsamples are needed.

Next, I split the sample into the “Bachelor’s or more” and “Some college or less” categories.
Here, my test rejects the null hypothesis of parameter homogeneity for the “some college or
less” category, while fails to reject for the “Bachelor’s or more” category at 5%. These results
suggest that further splits for the “Some college or less” category are needed. In contrast,
the Hahn et al. (2014) test fails to reject parameter homogeneity for the “Some college or
less” category in the 1980-1992 subperiod, consistent with the gain in power from considering
a one-sided versus a two-sided test. Finally, my test fails to reject parameter homogeneity
after splitting the “Some college or less category” into “HS or less” and “Some college.” The

assumption of parameter homogeneity appears to approximately hold for these more granular

education groups.
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Summarizing, estimating a single model of income dynamics for all households masks
education group-level heterogeneity in the persistence of income shocks—particularly in the
earlier 1968-1980 sample. I show how this paper’s test for parameter heterogeneity can be

used as a data-driven diagnostic for determining sample splits.”

1.6.2 Markup heterogeneity

Competition between firms combined with the possibility of new entrants ensures that firms
set prices that reflect marginal costs. Without competition, firms gain market power and
are able to set higher prices—ultimately affecting consumer welfare, discouraging innovation,
and decreasing the investment in capital (De Loecker et al., 2020). However, despite the
importance of understanding market power, there are substantial challenges in estimating
markups over marginal cost.

In this subsection, I give practical guidance for estimating output elasticities, one of the
main challenges in estimating firm-level markups. Estimation requires the assumption of
homogeneity of the output elasticity of inputs at the industry level. However, even within
granular industry groups, there is reason to expect these elasticities to differ across plants (e.g.
plants that produce dissimilar products with distinct input mixes, plants that produce similar
products using different production processes). Incorrectly imposing parameter homogeneity
gives rise to unreliable estimates of these output elasticities and consequently unreliable
estimates of markups. The level and dispersion of markups distort allocations ultimately
affecting welfare (Hsieh and Klenow, 2009; Edmond et al., 2023).

While researchers have recognized the importance of aggregation in estimation (see
Section 2.2 of Fernald et al. (2025) for a review), I present evidence of unobserved plant-level

heterogeneity in production functions even at the (most granular) four-digit industry level. I

9Like the usage of other specification tests in applied work, multiple testing (arising from comparing p
values across subsamples) is also a concern in this application (see the discussion in Chapter 9 of Lehmann
and Romano (2022)).
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then estimate the distribution of markups for subindustries where the moment conditions are
compatible with the data.

DATA. My dataset is the Chilean annual manufacturing census managed by Encuesta
Nacional Industrial Anual (ENIA). The survey is a common benchmark in the production
function estimation literature (Liu, 1993; Levinsohn and Petrin, 2003; Gandhi et al., 2020).
The census’ coverage is extensive, covering all Chilean manufacturing plants with at least
10 employees. I focus on the ten year sample from 1987-1996, giving approximately 5000
plants per year. Each plant is associated with a four-digit International Standard Industrial
Classification Revision 2 code (ISIC4).

ESTIMATION. To estimate markups, I consider the production approach (Hall et al., 1986;
Hall, 1988, 1990; De Loecker and Warzynski, 2012). The main assumption is that firms
are cost-minimizing and are price takers in the input market. This approach to markup
estimation is attractive since the assumption of constant returns to scale needn’t be imposed
and the user cost of capital needn’t be observed. Firms set marginal products equal to the
factor prices. Their first order condition implies that the markup of firm i equals the output

elasticity of materials ]} divided by the revenue share of materials

While s}} is taken from the data, 3]} must be estimated.

I consider a Cobb-Douglas production function. For plant ¢ and time ¢, I observe output
Yit, materials m;;, capital k;, and labor ;. Plants are subject to unobserved productivity
shocks wy; that follow an AR(1) process with productivity innovation (;;. In addition, the
production function is subject to measurement error ;. In logs, the production function for

a plant in industry j is
Yit = ﬁ]k/fzt + ﬁf&t + B"mi + wir + €y and wi = pjo + pj1wir—1 + Cit- (1.6.2)
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The elasticity ;" is used to estimate markups according to Equation 1.6.1. With the
short estimation window of ten years, the production function coefficients are taken to be
constant over time. While the production function coefficients will be taken to vary across
4-digit subindustries, we are interested in testing if there is remaining heterogeneity within
subindustries.

Matching Raval (2023) and De Loecker et al. (2020), I estimate the production function
parameters using the control function approach of Ackerberg et al. (2015). These more
sophisticated approaches are required because the productivity process is partially observed
by firms that choose their own inputs. As a result, ordinary least squares estimation of the
production function elasticities is biased. For brevity, I suppress the industry subscripts j.
There are two sets of moment conditions that are valid absent plant-level production function
heterogeneity. For the first set, the assumptions of Ackerberg et al. (2015) imply that output

can be decomposed as
Yir = Oe(lis M, kig) + it (1.6.3)

where the measurement error €; is uncorrelated with some flexible function ¢; (i, mi, k).
Consistent with applied practice, I take ¢;(€;, my, ki) to be a second-order polynomial in
the inputs.'® For the second set, Equations 1.6.2 and 1.6.3 imply that the productivity shock
is wiy = Or(Lig, Mg, ki) — B — B™my — B¥ky. After substituting, the innovation to the
productivity process is (;; = wi — po — p1wit—1 = (O (Lie, Mg, ki) — By — B my — B¥ ki) — po —
p1]0s—1(Lis—1, Mis—1, kir—1) — BUis—1 — B™my_1 — B¥ki_1]. Then, the second set of moment
conditions exploit the uncorrelatedness of the unobserved productivity innovation (; with

the lagged inputs and contemporaneous capital:

0=E [Czt(l Kty it—1, Mir—1, Go1(lir—1, Mag—1, kir—1), B¥kir—1, B2, B M 2)} (1.6.4)

104, contains an additive time fixed effect where remaining polynomial coefficients are time-invariant.
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The first five moments in Equation 1.6.4 are similar to those featured in Equation 28 of
Ackerberg et al. (2015). Capital enters the moment condition contemporaneously since it
is inflexible, while labor and materials enter with lags since they are flexible. The final
three are lagged contributions of capital, labor, and materials to output and are included to
provide over-identifying restrictions. These moments’ nonlinearity in 5, 3™, and * allow for
this paper’s heterogeneity test to be applied. Pooling observations over time, the model is
estimated using the generalized method of moments with the efficient choice of weight matrix
(consistent with the discussion of Wooldridge (2009)) for each 4-digit ISIC category (ISIC4).
REsuLTS. Ignoring within—subindustry heterogeneity in production function coefficients gives
rise to misspecified markup estimates that are difficult to characterize. From Equation 1.6.4,
markup estimates are directly related to the output elasticity. Thus, if the output elasticities
were incorrectly taken to be homogeneous (even at the mean), the effect on the estimated
distribution of markups is ambiguous, ultimately depending on the joint distribution of
the output elasticity and the shares s}}. Unfortunately, this joint distribution is difficult to
characterize absent additional information.

Consequently, the results to follow focus on using specification tests to guide which
subindustries fit the data well. Specifically, I demonstrate how the J-test and heterogeneity
tests can be used as diagnostics for determining which granular 4-digit (ISIC) categories are
compatible with the Ackerberg et al. (2015) moment conditions. The results are subject to
two caveats. First, since the null hypothesis of both tests is of correct specification, failure
to reject is an indication of the absence of evidence for rejection and not of proof of correct
specification. Second, like Section 1.6.1 and in the use of specification tests in applied work,
multiple testing arises here too.

Starting with the J-test, the first column of Table 1.6.2 lists the ISIC4 categories that
reject the J test at 5% (see Tables A.2.1 and A.2.2 found in Appendix A.2.1 for the full
results). There are several types. First, the column includes categories with plants that have

complex production processes (like ship-building/repairing and the manufacture of motor
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Misspecified Heterogeneous Well-specified
1. Grain mill products 1. Wine industries 1. Slaughtering, preparing and preserv-
2. Manufacture of bakery products 2. Manufacture of made-up textile ing meat
goods except wearing apparel 2. Manufacture of dairy products
3. Manufacture of food products not
elsewhere classified 3. Manufacture of carpets and rugs 3. Canning and preserving of fruits
. . . and vegetables
4. Malt liquors and malt 4. Sawmills, planing and other wood
. mills 4. Canning, preserving and processing
5. _SOft drl.nks and carbonated waters of fish, crustaces and similar foods
industries 5. Manufacture of wooden and cane
L . o containers and small cane ware 5. Manufacture of vegetable and ani-
6. Slplnnlng7 weaving and finishing tex- mal oils and fats
tiles 6. Manufacture of wood and cork prod-
o . ucts not elsewhere classified 6. Manufacture of cocoa, chocolate
7. Knitting mills and sugar confectionery
. 7. Manufacture of pulp, paper and pa-
8. Manufacture of wearing apparel, ex- perboard 7. Manufacture of prepared animal
cept footwear foeds
8. Manufacture of containers and
9. Manuf.acture of footwear, except boxes of paper and paperboard 8. Distilling, rectifying and blending
vulcanized or moulded rubber or spirits
plastic footwear 9. Printing, publishing and allied in-
dustries 9. Manufacture of furniture and fix-
10. Manufacture.of pulp, paper and pa- ‘ tures, except primarily of metal
perboard articles not elsewhere clas- [10. Manufacture of soap and cleaning
sified preparations, perfumes, cosmetics |10. Manufacture of drugs and medicines
. . and other toilet preparations .
11. Manufacture of paints, varnishes 11. Manufacture of chemical products
and laquers 11. Manufacture of non-metallic min- not elsewhere classified
. eral products not elsewhere classi- . .
12. Manufacture of plastic products not fied 12. Organic composite solvents and
elsewhere classified thinners, not elsewhere specified or
12. Manufacture of cutlery, hand tools included; prepared paint or varnish
13. Mzznufacture of structural clay prod- and general hardware removers
ucts
. 13. Reaction initiators, reaction accel- |13. Manufacture of special industrial
14. Manufacture of cement, lime and erators and catalytic preparations machinery and equipment except
plaster n.e.c. or included metal and wood working machin-
15. Manufacture of sports goods 14. Manufacture of agricultural machin- e
16. Manufacture of furniture and fix- ery and equipment
tures primarily of metal 15. Manufacture of motorcycles and bi-
17. Manufacture of structural metal cycles
products
18. Manufacture of fabricated metal
products except machinery and
equipment not elsewhere classified
19. Manufacture of metal and wood
working machinery
20. Machinery and equipment except
electrical not elsewhere classified
21. Ship building and repairing
22. Manufacture of motor vehicles

Table 1.6.2: Summary of specification tests (5% significance level). “Misspecified” lists ISIC4 categories
that reject the J test. “Heterogeneous” lists ISIC4 categories that fail to reject the J test but reject the
heterogeneity test. “Well-specified” lists ISIC4 categories that fail to reject both the J test and heterogeneity
test.
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vehicles) that potentially don’t satisfy the requirement of input flexibility—Ilike through
unions'! or material inputs contracted in advance. Second, the list includes categories with
plants that face market power in inputs due to high transportation costs (like limestone in
cement manufacturing) (Beach et al., 2000). These plants rely on a small number of local
suppliers, creating exposure to local supply constraints and inflexibility arising from market
power. Third, the list includes catch-all categories (like manufacture of food products not
elsewhere classified) that include dissimilar plants.

Next, the second column of Table 1.6.2 lists the ISIC4 categories that fail to reject the J
test at 5% but reject the heterogeneity test at 5%. This group can be interpreted as categories
whose moments are consistent with plant-level heterogeneity in production functions but
are otherwise well-specified. Notably, Tables A.2.1 and A.2.2 show that none of the fifteen
categories reject the Hahn et al. (2014) heterogeneity test at 5%, consistent with the power
gains of this paper’s heterogeneity test from considering narrower alternatives. The column
includes broad categories with plants that manufacture dissimilar products that require
distinct input mixes (like motorcycles/bicycles and agricultural machinery/equipment). The
list also contains industries that are related to lumber and paper products, consistent with
the substantial structural changes in these industries in Chile during the sampling period.
The late 1980s and 1990s were marked by a sharp increase in foreign investment, leading
to increased mechanization and automation throughout the production process (Klubock,
2014). The heterogeneity test is potentially capturing heterogeneity arising from plants with
capital-intensive processes supported by foreign investment and pre-existing labor-intensive
ones.

The final column of Table 1.6.2 lists the ISIC4 categories that fail to reject both the J test
and the heterogeneity test at 5%. These industries can be interpreted as those that are compat-

ible with the Ackerberg et al. (2015) moment conditions (and consistent with the requirement

"Union rights were reinstated by the Pinochet regime in 1979, though in a weaker form relative to the
1960s and the early 1970s. Nonetheless, strikes still occurred (3.5 per 100,000 workers in 1996 versus 9.9 in
the 1960s) suggestive of labor rigidities in industries with firm-level unionization. See Table 4 of Edwards
et al. (2000) for details on strike activity and the text for a detailed discussion of the historical context.
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Figure 1.6.1: Estimated sales-weighted distribution of plant-level markups j;; for plants belonging to categories
listed in Column 3 of Table 1.6.2.
of within-ISIC4 category production function homogeneity). This list is primarily composed
of industries that are related to food products (like slaughtering/preparing/preserving meat,
manufacture of dairy products, and canning/preserving of fruits/vegetables). In the period
under study, plants in this category have consistent manufacturing standards and competitive
input markets, resulting in goods with similar input mixes. These results are consistent with
the historical development of the food industry in Chile. By the early 1990s, three-quarters
of fresh milk were produced by industrial dairy establishments (Llorca-Jana et al., 2020).
Guided by Table 1.6.2, Figure 1.6.1 gives the sales-weighted distribution of plant-level
markups for the subset of plants that belong to industries that fail to reject both the J
test and the heterogeneity test at 5%. The median markup for plants belonging to these
industries, weighted by sales, is 1.24 with a 90 minus 50-percentile markup dispersion of
0.42. These values are comparable to the full distribution of plant-level markups under the
restrictive assumption of no sample selection—that the distribution of markups for plants
belonging to “well-specified” industries are no different than the distribution of markups for

plants in the full sample.'?

12For the goal of estimating the full distribution of plant-level markups, additional steps include considering
(1) alternative approaches to production function estimation for plants belonging to the “misspecified” category
and (2) splitting the subindustries belonging to the “heterogeneous” category by additional observables (like
size). These steps are left for future work.
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As a counterfactual, now suppose that the 4-digit subindustries categorized as “well-
specified” were indeed correct and suppose that the researcher estimated production functions
using the coarser 3-digit subindustries instead. Using these production function coefficients to
compute markups for the plants belonging to the same four-digit subindustries, the median
markup is now 1.37 with a 90 minus 50 percentile markup dispersion of 0.32. Thus using the
incorrect level of aggregation overstates the median markup while understating the dispersion.
Viewed as welfare costs (as in the model of Edmond et al. (2023) for example), the researcher
would overstate the “aggregate markup as uniform output tax” channel but understate the
“misallocation of factors of production” channel.

Testing for omitted parameter heterogeneity can be applied to other specifications used in
the literature on markup estimation. Alternative specifications include computing markups
using labor rather than materials in Equation 1.6.1, using a translog production function
instead of a Cobb-Douglas one, using other unconditional moments for the estimation
procedure of Ackerberg et al. (2015) (like writing the second stage moments using (;; + €5
rather than (;; alone), other data sources, and other estimators (like the dynamic panel
estimator of Blundell and Bond (2000) or the estimator of Gandhi et al. (2020)). See Fernald

et al. (2025) for a comprehensive review.

1.7 Conclusion

This paper proposes a test of over-identifying restrictions with power directed toward detecting
moderate amounts of parameter heterogeneity. The test is particularly useful for contexts
where economic theory gives moment conditions that are valid under a representative agent,
but is uninformative of the particular distribution of the shocks—a common feature of dynamic
panel models. Adapting these moment conditions to allow for parameter heterogeneity is often
difficult. What’s worse, incorrectly imposing parameter homogeneity gives rise to parameter

estimates that are difficult to interpret and fail to converge to the average parameter. Here, the
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test can be used as an initial data-driven diagnostic before splitting a sample by observables
or proceeding to sophisticated methodologies requiring additional statistical assumptions.
Exploiting Jensen’s inequality, the test statistic takes the form of a second-derivative
weighted average of the normalized, fitted moment conditions. The test achieves power gains
by focusing on alternatives compatible with parameter heterogeneity, a form of testing on the
boundary of the parameter space. After normalizing, the test statistic can also be interpreted
as the covariance of the random coefficients. I prove that the test asymptotically maximizes
a weighted average power criterion, and for the special case of testing for scalar heterogeneity,
the test is the asymptotically uniformly most powerful test. Simulations show power gains of
the proposed test relative to other semiparametric tests, and that incorrectly specifying the
likelihood function for a likelihood-based heterogeneity test can lead to severe over-rejection.
Applied to a model of income dynamics, I use the test as a data-driven diagnostic for
determining appropriate sample splits and find evidence of heterogeneity in the persistence of
income shocks by education group. In addition, I construct estimates of plant-level markups,
which requires the assumption of the homogeneity of production function elasticities across
plants within an industry. Using the proposed test, I find evidence of plant-level heterogeneity
in production function elasticities within granular 4-digit industry categories. I then use
the test as a guide for constructing markup estimates for plants belonging to the subset of

industries that fit the representative firm model.
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Chapter 2

Robust Granular Instrumental

Variables™

2.1 Introduction

In many macroeconomic settings, researchers wish to estimate the spillover of an idiosyncratic
shock to one unit onto other units. Examples include estimating the contagion effects of
financial market distress, aggregate demand externalities on individual consumption, strategic
complementarities in price setting, and the price elasticity of demand of the stock market
(Allen et al., 2009; Auclert et al., 2023; Alvarez et al., 2023; Gabaix and Koijen, 2021).
Identifying plausibly exogenous variation in these settings however is notoriously difficult
and contributes to the continued challenges of conducting empirical work.

Gabaix and Koijen (2024) tackles this difficulty with a novel technique, called granular
instrumental variables (GIV). They consider environments where an individual unit’s outcome
is partially determined by the size-weighted outcome. Thus, idiosyncratic shocks to a single

unit spill over to all other units in equilibrium. To overcome the resulting endogeneity bias,

*This paper has been presented at the 2024 NBER-NSF Time Series Conference. A revision has been
requested at the Journal of Applied Econometrics. The latest public working paper version of the paper has
been reproduced here.
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their instrument for the size-weighted outcome is constructed as the difference between size-
and equal-weighted outcomes. Their instrument is “granular” in that idiosyncratic shocks
to large units are the primary source of identifying variation as they disproportionately
contribute to movements in the size-weighted outcome variable. The broad adoption of GIV
in applied macroeconomics and finance is indicative of its usefulness (Chodorow-Reich et al.,
2021; Adrian et al., 2022; Camanho et al., 2022; Gabaix and Koijen, 2021).

The baseline GIV estimator of Gabaix and Koijen (2024), however, requires strong
assumptions to satisfy the instrumental variables relevance condition and exclusion restriction
and its extensions require further conditions. The baseline estimator requires homogeneous
spillovers across units, homogeneous shock variances, skewed unit size, and idiosyncratic
shocks (uncorrelated shocks between units after accounting for a known factor structure).
In particular, there is typically no ex-ante rationale for there to be homogeneous spillovers
and shock variances across units, contributing to the gap between theory and practice.
Furthermore, I show that there is no general guarantee that the GIV spillover estimand
admits a positive-weighted average of unit-specific spillovers. To address these concerns,
Gabaix and Koijen (2024) generalize their procedure to allow for heterogeneity that is
a function of observables, but the empirically important question of how to best tackle
unobserved heterogeneity remains open.

This paper’s main contribution is to establish global identification for a GIV model with
unit-specific spillovers and unknown shock variances. I propose an estimator, called robust
granular instrumental variables (RGIV), that is robust in the sense that it is applicable to
a wider set of environments than the baseline Gabaix and Koijen (2024) GIV estimator.
Ultimately, RGIV brings the study of unit-level heterogeneity—a feature that is of substantial
importance in other areas of macroeconomics®>—to the estimation of spillovers.

RGIV uses internally estimated idiosyncratic shocks as instruments for the size-weighted

outcome variable. Informally, the procedure can be described sequentially. An initial guess of

2For instance, take household-level differences in the marginal propensity to consume akin to Fagereng
et al. (2021); Lewis et al. (2026); Fuster et al. (2021).
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the first unit’s spillover gives an estimate of the first unit’s idiosyncratic shock. Using this
estimated shock as an instrument for the size-weighted outcome variable, the remaining units’
spillover coefficients and estimated idiosyncratic shocks can be computed. If one or more
pairs of estimated idiosyncratic shocks are correlated, we can guess a new spillover for the
first unit and repeat the procedure until the estimated idiosyncratic shocks are uncorrelated.
RGIV makes use of granularity by exploiting the contribution of individual shocks (even to
relatively small units) to movements in the size-weighted outcome variable. This approach
differs from the baseline GIV estimator in that skewness in the size distribution of units and
homogeneity in shock variances are not required.

I prove that there is an inevitable trade-off in assumptions between allowing for general
spillover heterogeneity and a general shock covariance structure. Like GIV, the RGIV
estimator can easily accommodate cross-unit correlations that are due to observed covariates
(both time-varying and unit-specific) or a known factor structure in the residuals. However, I
prove that a model with an unknown factor structure and unrestricted spillover heterogeneity
is not identified. Hence, absent additional structure, researchers must restrict either spillover
heterogeneity or the correlation structure of the shocks.

I develop tests that evaluate the appropriateness of (1) the RGIV framework and (2) the
homogeneous spillovers assumptions featured in Gabaix and Koijen (2024). These hypothesis
tests are applications of standard GMM results (Newey and McFadden, 1994). The first test
is the Sargan—Hansen test, where the null hypothesis of correct specification is rejected when
one or more pairs of estimated idiosyncratic shocks are correlated. The second test is the
distance metric test, where the null hypothesis is rejected when the constraint of spillover
homogeneity binds.

Building on the analysis of a working paper version of Gabaix and Koijen (2024), I apply
RGIV to sovereign yield spillovers in the Euro area and find strong evidence of spillover
heterogeneity among Euro area members. I control for correlations induced by heterogeneous

loadings on unobserved aggregate shocks by including a rich set of observed explanatory
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variables. In addition, I account for the well-documented correlation of shocks among
Euro area countries by size-aggregating countries into larger “core” and “periphery” blocks
(Bayoumi and Eichengreen, 1992). Under the preferred specification, I fail to reject the null
hypothesis of correct specification. Meanwhile, the null hypothesis of spillover coefficient
homogeneity is strongly rejected. I find that the size-weighted spillovers of countries in the
western-periphery block (Portugal, Spain, and Ireland) are approximately twice that of the
core country block.

In a simulation study, I also show that RGIV confidence intervals have good finite sample
coverage properties under a DGP taken from the empirical application. GIV confidence
intervals in contrast can undercover under spillover heterogeneity and when shock variances

are taken to be unknown.

LITERATURE My model generalizes the baseline environment of Gabaix and Koijen (2024)
to allow for spillover heterogeneity, shock variance heterogeneity, and equal-sized units. For
estimation, RGIV fully exploits second moment information through GMM and can also
be adapted to the case in which correlations in shocks are induced by factors with known
loadings. In contrast, the spillover coefficient homogeneity, skewed size, and known shock
variance conditions are used to justify the validity of the GIV instrument. Gabaix and Koijen
(2024) also propose extensions that separately estimate spillover coefficient heterogeneity®
and unknown shock variances*. In contrast, RGIV doesn’t require skewness of the size
distribution, heterogeneity to depend on observables, or for shock variances to be known;
uncorrelated shocks is sufficient for jointly allowing unit-level spillovers and unknown shock

variances.

3Gabaix and Koijen (2024) Proposition 6 considers the case where unit-level spillover heterogeneity is
determined by observables, Section D.9.1 proposes unit-specific “leave-one-out” granular instruments for when
shock variances are known, and Section D.9.2 lists moment conditions for adapting GIV to heterogeneous
spillovers though without the analysis of its econometric properties.

4Gabaix and Koijen (2024) Section D.3 appends shock variance moments after assuming homogeneous
spillovers and global identification.
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Baumeister and Hamilton (2023) applies the insights of GIV to show that a rich, structural
model of the oil market (with unobserved explanatory variables and inventories) can be
estimated using full information maximum likelihood. Their estimator similarly exploits
shock orthogonality (in their case orthogonality of supply and demand shocks) and also allows
for elasticity heterogeneity. In contrast, I extend the simple setting originally considered by
Gabaix and Koijen (2024) to transparently illustrate the conditions needed for identification,
for non-identification with unobserved explanatory variables, and to characterize the RGIV
estimator’s limit behavior. Rather than focusing on modeling assumptions that are specific to
particular applications, this paper seeks to provide researchers with a parsimonious framework
that could be adapted to their specific applications.

Banafti and Lee (2022) propose a refinement to the GIV estimator, allowing for unobserved
explanatory variables but require the number of economic units to be large and the size
distribution to be skewed, unlike RGIV. Here, the principal challenge is to prevent the
law of large numbers from averaging away the granularity of units. The authors overcome
this challenge by requiring the right tail of the unit size distribution to be highly skewed,
with a Pareto tail index of less than 1. In contrast, RGIV is consistent even when the size
distribution is uniform.

GIV procedures are closely linked to models found in the spatial panel and peer effects
literature (Su et al., 2023; Aquaro et al., 2021; Chen et al., 2022; Manski, 1993). GIV’s
spillover network structure can be viewed as a restricted form of spatial autocorrelation.
Unlike these papers, I allow the number of units to be small (finite), show that the GIV
spillovers under unit-level heterogeneity are globally identified, and estimate spillovers
without the use of external instruments. More broadly, my procedure can also be viewed as a
special case of a simultaneous equation model with covariance restrictions, which is closely
related to impact matrix identification in the structural VAR setting (Sims, 1980; Hausman,

1983).
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OUTLINE Section 2.2 illustrates the properties of GIV and RGIV in a simple three unit setting.
Section 2.3 presents the main consistency and asymptotic normality results for the RGIV
estimator. Section 2.4 describes the RGIV specification test and parameter homogeneity
tests. Section 2.5 extends RGIV to include observable explanatory variables and discusses
non-identification under unobserved explanatory variables. Section 2.6 applies the RGIV
estimator to investigate sovereign yield spillovers in the Euro area. Section 2.7 examines

finite-sample coverage accuracy of RGIV and GIV through simulations. Section 2.8 concludes.

2.2 Simple illustration

The remainder of this paper will consider the sovereign yield spillovers application as a
running example. An idiosyncratic shock to one Euro area country raises yields in that
country, as well as those of other Euro area countries since losses from default are partially
shared. Country-specific spillovers are permitted.

In this section, I use a simple three-country setting to illustrate the construction and
properties of GIV and RGIV. Section 2.3 formalizes the discussion and generalizes to n

countries.

NoTATION Throughout this paper, I will follow the notation of Gabaix and Koijen (2024)
for convenience. For a vector X = (X;);=1. ., and size S; satisfying > I | S; = 1, the

equal-weighted sum Xg and size-weighted sum Xg are defined below:

i=1 i=1

Similarly, the equal-weighted and size-weighted cross-sectional averages for time series data

Xi = (Xit)i=1,..n are defined as Xpg; = %zyzl Xy and Xgy = Y0, S; X;; respectively.

64



2.2.1 Baseline three country setting

I will outline my “baseline” setting for the three country case using sovereign yield spillovers
in the Euro area as a running example. For countries i = 1,2, 3, let y;; be the yield spread
relative to some comparison country. Yield spread growth is r;; = % Size 5; is observed
and corresponds to a country’s “debt at risk.” Here, S; € (0,1) is taken to be time-invariant
and sums to 1.

Suppose the researcher is interested in estimating elasticity ¢;, which will be called the

“spillover coefficient.” Specifically, yield spread growth r; is determined by a country-specific

spillover coefficient ¢;, size-aggregated yield spread rg;, and idiosyncratic shock w:

T = GiTse +uy, 1=1,...n, ¢g<1. (2.2.1)

The size-weighted spillover coefficient ¢g is taken to be less than 1. Moreover, shocks
u;; are mutually and serially independent, mean zero, and have country-specific variance
E(u3) = 07 > 0.

The propagation of an idiosyncratic shock depends on the size of the shock’s origin
country, the recipient country’s spillover coefficient, and the size-weighted average spillover
coefficient. To illustrate, consider a unit idiosyncratic shock to country 1 (u;; = 1) holding
the idiosyncratic shocks of countries 2 and 3 at zero (ug = ug; = 0). Then, the size-weighted

1

yield spread growth rg; increases by S; x s which is computed from taking a size-weighted

average of Equation 2.2.1:

3 3
us
Z Sirie = Z Si(pirse + uy) = rop = !

. (2.2.2)
=1 =1 1 - ¢S

The increase in rg; is larger when the size of country 1 is large and when countries are, on

1

m) Then, idiosyncratic shock wuy; spills

average, sensitive to spillovers (from multiplier

S1
1-9¢s

over to 7y and 73, giving rise to increases of ¢;rs, = ¢; for 7 = 2,3. The total increase
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inryis 1+ ¢1q ilbs’ a composition of the direct effect of idiosyncratic shock u1; and a spillover

effect.

Granularity rules out the ordinary least squares regression of r;; on rg; as a method for
estimating ¢;. Equation 2.2.2 highlights granularity in the baseline setting, showing that
idiosyncratic shocks are responsible for movements in the aggregated yield spread rg; since
S; > 0 and o? > 0. Therefore, regressing r;; on rg; to estimate ¢; as T — oo suffers from

2
Si0%

1-9¢s

endogeneity bias since E(rg;uy;) = # 0. An alternative estimator is needed.

2.2.2 Illustration of GIV

In this section, I review the baseline GIV estimator of Gabaix and Koijen (2024) applied
to this simple setting and discuss the conditions for its validity. I show that a skewed
size distribution is necessary for the relevance condition to hold. Shock orthogonality and
homogeneous idiosyncratic shock variances are necessary for the instrumental variables
exclusion restriction to hold. Moreover, the exclusion restriction fails under heterogeneity
of spillover coefficients across countries. As discussed later, there are GIV extensions that
individually accommodate spillover coefficient heterogeneity and heterogeneous (and unknown)
shock variances, but these require additional conditions.

Take the setting of Section 2.2.1 and further assume homogeneous spillover coefficients
(p1 = ¢2 = ¢3 = ¢), homogeneous shock variances (o} = 02 = 05 = 0?), and skewed unit
sizes (ruling out S; = Se = S3). Just as in Section 2.2.1, granularity induces endogeneity bias

in the regression of 7;; on rg; for regression coefficient ¢%; ¢

~ p E(rsirit) B S;o?
Pors TO T BGg) T ORI

Gabaix and Koijen (2024) propose estimating ¢ using instrumental variables. An equal-

weighted aggregation of the country-level yield spread growth gives rise to the following IV
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regression model

TEt = Prge + Upt.

The equal-weighted yield spread growth responds to the size-weighted yield spread growth
rs; (through spillover coefficient ¢) and equal-weighted idiosyncratic shocks ug,. For the
IV regression model in the above display, “granular instrument” 2z, is constructed as the

difference between the size- and equal-weighted yield spread growth

2t i=Tst —TEt = <¢T5t + USt) — (CbTSt + UEt) = Ust — UE¢-

From the homogeneous spillovers assumption, the endogeneity from the size-weighted yield
spread growth rg; is differenced away.

Skewness in country sizes is crucial for the instrumental variables relevance condition to
hold and z; reflects variation coming from idiosyncratic shocks to relatively large countries.
To illustrate, first consider the extreme case of no skewness (S; = Sy = S3). Then the size-
and equal-weighted yield spread growths are identical, producing a granular instrument that
is identically zero z; = 0. More generally, the instrumental variables relevance condition can

be explicitly computed:

E [zirs:] = 7153 [use (st — upy)]
= 1(i2¢ {Sl <Sl — ;) + 5 <52 - ;) + 53 <S - ;)} :

When the size of country 1 is large relative to other countries (when 57955, S3), the relevance

condition is further from zero reflected by the S;(S; — 1/3) term.
The shock orthogonality and homogeneous (or known) shock variance assumptions are

crucial for the exclusion restriction to hold. Explicitly, the covariance between the instrument
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and IV regression model error ug; is

1 171 1 1
Elug(us: — upe)] = 5[5102 + Sy0? + 5302} 3 {ng + 502 + 502
1 1
= §02 —~0®=0

In the first line of the above display, the uncorrelated shock assumption ensures that covariance
terms E(u;u;;) are zero. The homogeneous shock variance assumption ensures that the
difference between the first line’s bracketed terms is zero. Note that any instrument of the
form z; = Wiryy + Warg, + Wars, — %7”115 — %rm — %T’gt where Wy + Wy + W5 = 1 satisfies the
instrumental variables exclusion restriction. Gabaix and Koijen (2024) show that weighting
by size gives a variance-minimizing estimator for the IV regression model. The spillover
coefficient can also be consistently estimated when a time fixed effect is included, as the time
fixed effect is differenced away in the construction of z;.

The exclusion restriction argument described in the preceding paragraph can easily be
extended to settings in which the shock variances are known to the econometrician rather than
being homogeneous across units. Gabaix and Koijen (2024) show that identical computations
hold after replacing the equal weights in z; = rg; — g with inverse variance weights.

Spillover coefficient heterogeneity leads to a failure in the instrumental variables exclusion
restriction. Allowing for unit-specific spillover coefficients, the granular instrument contains

variation from 7g;:

zt =75t — Tt = (5 — PB)Tst + Ust — Uk (2.2.3)

From the (¢s — ¢g) term, the magnitude of the exclusion restriction’s violation is greater
when spillover coefficients vary systematically by size. Moreover, I show later in Proposition
2.3.1 that there is no guarantee that the GIV spillover coefficient estimand is a non-negative
weighted average of spillover coefficients. In this sense, the GIV spillover coefficient estimand

could be far from the potentially heterogeneous true spillover coefficients.
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2.2.3 RGIV illustration: Environment as GMM moment conditions

This subsection introduces the estimator proposed in this paper, robust granular instrumental
variables (RGIV). RGIV exploits the uncorrelatedness of idiosyncratic shocks through the
generalized method of moments. The estimator’s identifying variation comes from individual
country-level idiosyncratic shocks.

Returning to the baseline environment described in Section 2.2.1—which again features
unit-specific spillover coefficients ¢; and unit-specific shock variances o?—the RGIV estimator
encodes the uncorrelatedness of idiosyncratic shocks through GMM moment conditions.
Taking sizes Sp, Sa, S3 as given, store data in the vector r, = [ry4, 1o, 3] and parameters
in ¢ = [¢1,¢9, ¢3]'. Letting u;(ry, p) = ry — ¢y, moment function g(ry, @) encodes the

condition that idiosyncratic shocks are uncorrelated

/

g(rta ¢) = {U1(rt, ¢)U2(rt; d)) U (rt7 d))ui’)(rh ¢) u2(rt7 ¢)u3(rt7 ¢>

where E[g(r;, ¢o)] = 0 for true parameter ¢o. The parameter-dependent weight matrix

s TA7 _ 7 1 1 1 ~2 _ 1T ) 2
is W(¢) = dlag(?i@)&;((p)’ Z @) 3§(¢)9§(¢)) for 67(¢p) = 7> ;—, ui(rs, @)?. Then, for

parameter space ® where ¢pg < 1 for ¢ € @, the robust granular instrumental variables

(RGIV) estimator is defined as a continuously updating GMM estimator:

N 1 T I 1 T
RGIV :

_ - W — ) 2.24
B —argmin (13 g(r0, 9)) W) (X o009 (224)
W((ﬁ) is an efficient GMM weight matrix when idiosyncratic shocks are independent. Avoiding
inversion of a potentially non-diagonal matrix, W((b) also ensures numerical stability if the

initialization of ¢ is far from the GMM objective function’s minimum.
Equivalently, the continuously updating GMM formulation minimizes the average squared

correlation coefficients between pairs of estimated idiosyncratic shocks. To see this, define
2o ilre @)y (re.d)
NeTe

the estimated correlation coefficient of idiosyncratic shocks as p;;(¢) =
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Then, the RGIV estimator is

ATC = arg %2%; [ﬁ12(¢)2 + pi3(@)” + ﬁ23(¢)2}

after multiplying the objective function in Equation 2.2.4 by % Intuitively, RGIV chooses
the spillover coefficient vector ¢ that makes the estimated shocks the least correlated.
RGIV also admits an instrumental variables interpretation, as a country’s spillover
coefficient is estimated using information from internally estimated idiosyncratic shocks to
other countries. The asymptotic variance matrix of the RGIV estimator is V = (G'S'G) ™! for
Jacobian matrix G = E[V 4g(r¢, ¢po)] and moment covariance matrix X = E[g(r;, ¢o)g(rs, o)’].

Then the diagonal entries of V' are
0 (1—¢s)’ (Sio} + S303 + S303)

Avar (ggf%GlV) _ i (;]20?) 1 .

The above display illustrates that the identifying variation of the RGIV estimator doesn’t
require skewness in the unit size distribution, as the identifying variation comes from individual
idiosyncratic shocks. Estimates for QASZRGI V' are more precise when idiosyncratic shocks to
countries j # ¢ have higher variance. Intuitively, the estimated idiosyncratic shocks can
be viewed as sequentially estimated internal instruments. Guessing the spillover coefficient
of country 1, the resulting estimated idiosyncratic shock to country 1 can be used as an
instrument for the estimation of the spillover coefficients for countries 2 and 3. If one or more
pairs of estimated idiosyncratic shocks are too correlated, the procedure is repeated for a

new spillover coefficient.

2.3 General model and main results

This section describes the assumptions needed for the robust GIV estimator for n < oo

countries.
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2.3.1 Assumptions

Assumption 2.3.1. (Baseline model)

(i) Model: For fized n > 3 wunits, let known sizes S; € (0,1) sum to 1. Qutcome
ry = [rig, ..., ) responds to the size-aggregated outcome rs; according to spillover

coefficient ¢; and unobserved shocks wy = [uyg, Uag, - - ., Upy]

T = gbﬂ’gt + U, Vi = 1, e n, ¢S < 1.

(ii) Shock moments: For o? > 0, shocks w; are i.i.d. with moments E(u;) = 0, E(u,u}) =

2

2), and E(||u]|*) < co. Moreover, w; is independent of uj; for i # j.

diag(o?,...,0

(iii) Parameter space: For spillover coefficient ¢ = [¢1,. .., ¢n), the true parameter ¢y

is in the interior of parameter space ®. ® is compact and for any gg € P, QNSS < 1.

In Assumption 2.3.1(i), the outcome variable r; responds to the size-aggregated outcome
rg; according to spillover coefficient ¢; and idiosyncratic shock u;;. Through ¢g < 1, positive
idiosyncratic shocks increase the size-weighted outcome rg;. As will be outlined below, the
RGIV estimator is just-identified for n = 3 and over-identified for n > 3. Moreover, size S;
is taken to be known by the econometrician. Hence, the model presented in 2.3.1(i) can be
modified to allow for time-varying size (for S € (0,1) and > ; S;; = 1) without changing
the proofs to follow. In Assumption 2.3.1(iii), the parameter space is assumed to be compact
and restricted to encode the sign restriction of ¢g < 1. Compactness is a standard technical

assumption for the consistency of extremum estimators (Newey and McFadden, 1994).

2.3.2 RGIV estimator

The GMM estimator established in Definition 2.3.1 below (called RGIV) exploits the uncorre-
lated unit-specific shock condition established in Assumption 2.3.1(ii). RGIV is constructed

as a continuously updating GMM estimator (Hansen et al., 1996). The moment function
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g(ry, @) contains the pairwise products of each of the estimated shocks, and the weight
matrix inversely weights each moment by the product of the respective estimated shock
variances. Exploiting shock uncorrelatedness can be best understood as being consistent with
the tradition of exploiting second moment information in the traditional SVAR identification

setting (Kilian and Liitkepohl, 2017; Leeper et al., 1996).

Definition 2.3.1. For outcome variable vy = [r14, ..., 7], let ui(ry, @) = ry — ¢irse for

i=1,...,n. The moment function g(r;, @) is

g(re, @) = [ur(re, @)ua(re, @), ..., ur(re, @ un(re, @), uz(re, @)us(rs, @), ..., un_1(re, @ un(rs, @)]'.

For 62(¢p) = + > 1—1 ui(rs, @)%, define the sample weight matriz

_ , 1 1 1 1
V(o) = doe( ey FPR® BOR@ T T ORE)

Then, for GMM objective function @T(qb) = %Zthl g(ry, ¢)},W(¢)

% Z?:l g(rta ¢)] ’ the
robust granular instrumental variables (RGIV) estimator is

¢ = argminges Qr(¢).

The RGIV estimator is robust in that the estimator allows for unit-specific spillover
coefficient heterogeneity while also allowing for unknown shock variances and equal unit sizes.
When the researcher is a priori certain of homogeneous spillover coefficients ¢; = ¢, the
RGIV moment vector can accommodate this parameter restriction by restricting the elements
of parameter vector ¢ to be homogeneous across units yielding possible gains in efficiency.
Moreover, the assumption of parameter homogeneity is formally testable as will be discussed

in Section 2.4.

Lemma 2.3.1 (Identification). Impose Assumption 2.5.1. For go(¢p) = Elg(r, @)], go(o) =0
for the true parameter ¢y and go(qz) £ 0 for ¢ € ® such that ¢ # .

Proof. See Appendix B.1.4. O]
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For Lemma 2.3.1, the parameter space restriction gz~55 < 1 in Assumption 2.3.1(iii) rules
out the false solution to the population moment condition. The proof of Lemma 2.3.1
shows that there is a second parameter qvb such that go(qvb) = 0. However, qvb is not in the
parameter space because ¢ = 14 (1 — ¢g) > 1 and thus is not a candidate solution. In
economic terms, Assumption 2.3.1(iii) represents the researcher’s knowledge of the sign of an
idiosyncratic shock’s effect on the size-weighted outcome rg;. This knowledge can come from
an application’s institutional details; for the case of the running example of Eurozone yield
spread spillovers, a positive idiosyncratic shock to one country gives rise to an increase in
aggregated yield spreads since losses from the default of government debt are partially shared.
The identification lemma can also be adapted for the opposite case ¢g > 1 by reversing the
inequality specified in Assumption 2.3.1(iii) to bs > 1.

Mimicking Assumption 1 of Gabaix and Koijen (2024), the Lemma is derived under the
weaker condition that the correlation structure of shocks is known (see Condition (ii’) in
Appendix B.1.4 for details). Theorems 2.3.1 and 2.3.2 (below), which establish consistency and
asymptotic normality of the RGIV estimator, are shown under the assumption of uncorrelated
shocks but can analogously be adapted to the known shock correlation case. These results

follow from a standard application of arguments provided in Pakes and Pollard (1989).

Theorem 2.3.1 (Consistency of RGIV). Impose Assumption 2.5.1. The RGIV estimator is

consistent @RIV L @y for the true parameter ¢o as T — oc.
Proof. See Appendix B.1.1. n

Theorem 2.3.2 (Asymptotic normality of RGIV). Impose Assumption 2.3.1. The RGIV

estimator is asymptotically normal

VT (@ — o) L N, (GWE) ' GWEWG(GWE)™)

for RGIV population weight matric W = diag(—s=z, ..., =20, o2
172

2529 52529
oio;’ 0503

1
. m), moment co-

n—1

variance matriz ¥ = E[g(rs, ¢o)g(re, o)'] and G = E[Vgg(rs, ¢po)] as T — 0.
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Proof. See Appendix B.1.2. m
REMARKS.

1. The assumptions of granularity (S; > 0) and non-zero shock variances (o7 > 0) guarantee
that G'W @ is full rank. Intuitively, these conditions guarantee that idiosyncratic shocks
contribute to fluctuations in the endogenous variable rg; and can be exploited as
identifying variation. Granularity and non-zero shock variances can loosely be viewed

as the corresponding “relevance conditions” for the RGIV setting.

MGV is an estimator for the efficient GMM weight matrix

2. Diagonal weight matrix W(
when idiosyncratic shocks are not only uncorrelated, but also independent. Its specific
form allows the RGIV estimator to be interpreted as the ¢ that minimizes the average
squared correlation coefficient between shocks. Practically, a continuously updating
GMM estimator with diagonal weight matrix W(QS) is one way to ensure the stability of
the GMM objective function when 7" is relatively small. The choice of a diagonal W(q’))
hedges against potential numerical instability relative to choosing an alternative weight
matrix constructed as W () = [+ 3], g(rs, ¢)g(rs, ¢)']~'. Evaluating an objective
function using a weight matrix of the form W (¢) would require inverting the potentially
ill-conditioned matrix & 32/, g(r;, ¢)g(re, @), which could arise if the initial conditions

for the sample GMM objective function are far from the true value.

3. In Section 2.7, the procedure is implemented in MATLAB using the constrained
nonlinear optimizer fmincon(). The sample GMM objective function Q(¢) described
in Definition 2.3.1 is used as the objective function with the constraint ¢g < 1. As is
standard for GMM estimators, the asymptotic variance for "7V can be computed
using “plug-in” estimators for the components of the asymptotic variance expression

$RGIV)

in Theorem 2.3.2. Specifically, I use the weight matrix estimator 17[\/( from

Definition 2.3.1 for W, the sample analogue of the moment covariance matrix S =
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ST g(ry, @RV Vg (ry, @CTVY for ¥, and the sample analogue of the Jacobian matrix

1
T
G

% Y11 Vegl(ry, $RG[V) for G.

. Under the weaker condition of cross-sectional shock uncorrelatedness (imposing
E[usu;] = 0 for ¢ # j rather than the stronger condition of w; 1L u;;), the RGIV
estimator is still consistent and asymptotically normal. However, the GMM weight
matrix W (V) would no longer converge in probability to the efficient GMM weight
matrix W = E[g(rs, ¢0)g(rs, o)) "' Shock independence guarantees that off-diagonal
elements of W are zero and that the on-diagonal elements are multiplicatively separable
ie. that E(uju?,) = E(uf,)E(u?,) for i # j. Under the weaker condition of uncorrelated
shocks, higher order dependence (like that arising from a shared volatility term) is
permissible.® Here, the weight matrix is no longer efficient but the estimator is still

consistent and asymptotically normal.

. $RGI V' can still be used as a plug-in estimator for the efficient GMM weight matrix

when idiosyncratic shocks are uncorrelated but not independent. The following gives
an example of one such procedure. First, as noted in the previous bullet, RGIV
can be used to obtain a preliminary (consistent) estimate of the spillover coefficient.
Second, GMM can be used to estimate qSStePZ with sample GMM weight matrix
wster2 = (LT g(r,, RV ) g(ry, @PCIVY] 71, Since WS 2 is an estimator for the
efficient GMM weight matrix under uncorrelated but not independent shocks, $Step 2is

an efficient estimator for ¢.

2.3.3 GIV under spillover coefficient heterogeneity

In general, the baseline Gabaix and Koijen (2024) GIV estimand ¢%’V under spillover

coefficient heterogeneity cannot be interpreted as a weighted average of unit-specific spillover

5Serial correlation is another form of dependence of interest for applied work. Here, Theorem 2.3.2 can be
adapted to serially correlated shocks by exchanging the currently used central limit theorem for independent
and identically distributed data for one applicable to data with dependence, like those found in Davidson
(1994).
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coeflicients. From Equation 2.2.3, the spillover coefficient homogeneity assumption is necessary
for the instrumental variable exclusion restriction to hold, as it ensures the endogenous term
rg; is differenced away. When shock variances are homogeneous across countries, Proposition
2.3.1 (below) decomposes the GIV estimand into an equal-weighted spillover coefficient term
and a term that depends on (¢g — ¢g). The bias is larger when the spillover coefficient
varies systematically with the size distribution, giving rise to a larger gap between ¢g and
¢g. Moreover, as also discussed in Appendix D.8 of Gabaix and Koijen (2024), the bias is

smaller when the number of units is large.

Proposition 2.3.1. Impose Assumption 2.3.1 and shock variance homogeneity (o = o2).

; ‘o AGTV _ E(ztrp) ¢s—¢E 1
Then the GIV estimand is ¢ = Elare) O ¢f:fsE SIS S

Proof. See B.1.3. O

Proposition 2.3.1 implies that the GIV estimand doesn’t admit a weighted average

interpretation of unit-specific spillover coefficients. To see this, consider the following example.
/

Suppose n = 3,8 = {0.2 0.3 0.5},, and ¢ = [0.6 0.3 0.3] - Applying Proposition
2.3.1, o9V = —0.18 ¢ [0.3,0.6], so ¢“!V is not a positive weighted average of individual
spillover coefficients. Section 2.7 investigates the practical implications of GIV under spillover
coefficient heterogeneity using an empirically relevant DGP.

While Proposition 2.3.1 highlights the potential pitfalls from mistakenly applying the
baseline GIV estimator, Gabaix and Koijen (2024) also give guidance for estimating unit-
specific spillover coefficients under additional restrictions. Their Proposition 6 and Appendix
D.9 present alternative procedures that require heterogeneity to depend on observables and

for the shock variance to be known respectively. In contrast, these restrictions are unnecessary

for RGIV.
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2.4 Testing

In this section, I propose two tests derived from standard GMM results (Newey and McFadden,
1994): a test of over-identifying restrictions that evaluates the uncorrelatedness of idiosyncratic
shocks and a test that evaluates the homogeneous spillover coefficient condition of Gabaix

and Koijen (2024). For what follows, impose Assumption 2.3.1.

2.4.1 RGIV specification test

The uncorrelatedness of idiosyncratic shocks is directly testable when there are four or more
units, as the number of moment conditions exceeds the number of unit-specific spillover
coefficients. Recall that the RGIV estimator is a GMM estimator for moment function
g(ry, @), which encodes the pairwise uncorrelatedness of idiosyncratic shocks. For n > 4
countries, the number of moments exceeds the number of estimated parameters allowing
for the use of the Sargan—Hansen test. The null hypothesis Hy: E[g(r;, ¢o)] = 0 for true
$RGJV)

parameter ¢y is rejected for large values of the J-statistic Jp =T - @T( . Intuitively,

Jr is large when one or more pairs of estimated idiosyncratic shocks are correlated.

2.4.2 Spillover coefficient homogeneity test

Spillover coefficient homogeneity across units is not only a subject of potential substantive
interest—particularly given its role in the Gabaix and Koijen (2024) GIV estimator—but
also can be formally evaluated within the framework of RGIV. Since the null hypothesis
of coefficient homogeneity Hy: ¢1 = ¢ = ... = ¢, is a special case of RGIV’s unit-specific
spillover coefficients, Hy can be tested with the distance metric test. Here, estimator ¢
minimizes @T((ﬁ) subject to the constraints of null hypothesis Hy. Then, spillover coefficient
homogeneity is rejected when the distance metric test statistic DMy =T (@T(E) —@T((;'A)RGI )
is large since DM LN x2_, under the null hypothesis. A large value of DMy indicates that

the constraints of null hypothesis Hy bind.
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2.5 Extensions to additional explanatory variables

Motivated by the requirements of empirical applications, this section discusses two extensions
that relax the condition of uncorrelated idiosyncratic shocks discussed in Section 2.3 through
observed and unobserved explanatory variables. I show that when observable time-varying
explanatory variables determine the shocks’ correlation structure, RGIV can be used after
residualizing the outcome variables with respect to these observables. When the correlation
structure is instead determined by unobserved factors with unknown loadings, the global

identification condition fails.

2.5.1 RGIV with observed explanatory variables

In practice, observable characteristics can determine the correlation structure among shocks as
described by the following two situations. First, the outcome variable could have unit-specific
exposures to a particular observed variable—take country-specific exposures to the USD-EUR
exchange rate in the Euro area sovereign yields example. Second, observable characteristics
could also be used to account for a correlation structure driven by unobserved explanatory
variables—like country-specific exposures to a “global financial conditions” factor—so long as
such unobserved factors are in the span of the observed explanatory variables.

Observed variable x; (k x 1) affects outcome variable r;; through a direct effect and an
indirect effect. Modifying Assumption 2.3.1(i), unit-specific coefficients 3; determine the

cross-sectional correlation of vj

Tyt = ¢iTSt + /ngt + (7 Xt A Uit 7, = 1, oo, (251)
—_———
Vit
where u;; is still idiosyncratic in the sense that u; is independent of u;, for i # j. The
orthogonality condition u; 1l x; can be interpreted as a “selection-on-observables” assump-
tion; the cross-sectional correlation of vy is entirely determined by the observed explanatory

variables. Holding rg; and w; constant, 8, can be interpreted as the direct effect of x; on ry.
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Additionally, mediated through changes in rg; = ﬁ[ﬁgxt + ugyl, ljﬁﬁﬁs determines the
indirect effect of x; on 7;;. Analogous to the discussion in Section 2.2.1, the indirect effect of
a change of x; on unit 7 is larger when units are on average sensitive to x; (through Bg), unit
i is sensitive to spillovers (through ¢;), and when units are on average sensitive to spillovers
(through ¢g).

The spillover coefficients in Equation 2.5.1 can be estimated by using RGIV after residual-
izing the outcome variable r;; with respect to observed variables x;. Residualizing purges r;; of
the variation induced by the direct and indirect effects of x; on r;;. Concretely, the procedure
has two steps: (1) Compute the residual 7 of the regression of r; on x;, (2) treating 7
as data, estimate ¢ using the RGIV estimator described in Definition 2.3.1. Conveniently,
estimation uncertainty of the first step’s regression coefficients has no effect on the asymptotic
variance of the RGIV estimator in the second step. Thus, treating r;; as data in the second

step produces valid standard errors for $RGI V. See Appendix B.1.6 for formal results.

2.5.2 Non-identification when explanatory variables are unob-

served

In this section, I describe the tradeoff in assumptions between allowing spillover coefficient
heterogeneity /unknown shock variances and a factor structure for the shocks. I show that
global identification of unit-specific spillover coefficients is lost when a single unobserved
factor is included in the error term. Such a case is empirically relevant because there is
typically no a priori reason to believe that spillover coefficients are homogeneous across units
and because estimated latent factors are commonly used as control variables in the applied
GIV literature.

GIV regressions with estimated latent factors as control variables are ubiquitous in the
applied GIV literature (Flynn and Sastry (2022); Gabaix and Koijen (2024, 2021); Camanho
et al. (2022); Baumeister and Hamilton (2023); Adrian et al. (2022) among others). Typically,

latent factors are estimated using principal components on the demeaned outcome variable
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before being included as control variables in the GIV regression. Such an approach is attractive
because it enables practitioners to apply GIV to applications where the correlations between
unit shocks are driven by a small number of latent factors. These estimated factors however
are subject to measurement error, so their inclusion as control variables in subsequent GIV
regressions give rise to attenuation bias.

Banafti and Lee (2022) address this concern by extending GIV with homogeneous spillover
coefficients to a large time and panel dimension framework. When the size distribution of
units is very skewed (more skewed than Zipf’s law), the sampling uncertainty arising from
latent factors and loadings is negligible under their procedure. Homogeneity of spillover
coefficients across units is crucial for the procedure’s validity. When spillover coefficients
are heterogeneous, cross-sectionally demeaning each unit no longer differences away the (no
longer constant) contribution of spillovers. As a result, PCA estimates of the latent factors
are polluted by the presence of spillovers.

Given the empirical relevance of unit-level heterogeneity and latent factors, I consider
a heterogeneous spillover coefficient latent factor model. Taking n to be fixed, restrictions
on the skewness of the unit size distribution are unneeded. Investigating identification, I
augment Assumption 2.3.1(i) to include a single latent factor f, with unknown unit-specific

loading \;
Tit = Girse + Nife +ui, N #0,  fi Luy, n>5 (2.5.2)

where the number of units n is fixed and time T — oo. Factor f; is normalized so that
E(f;) =0, E(f?) =1, and A\; > 0. Shocks u;; are idiosyncratic in that they are independent
of latent factor f; and w; 1L wj for @ # j. Then, extending the logic of the RGIV estimator

to the single factor case, the moment function between units ¢ # j is

glf?ctor(rta 0) = (Tit — (biTSt)(rjt — ¢jrSt) — )\z>\]
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where 6 = [¢/, X' for A = [A1,..., A]. g2 (r;, ) can then be stored in moment vector
gt (r;,0). When n > 5, the number of moments (a total of n(n — 1)/2) is greater than or
equal to the number of parameters to be estimated (a total of 2n).

Lemma 2.5.1 (below) however shows that the population moment condition gf*<tr(9) =

E[g(r, 8)] has multiple roots, so the model described in Equation 2.5.2 is not identified.

Lemma 2.5.1. Consider Equation 2.5.2 and let @y be the true parameter. There exists

0 + 6, such that g (0) = 0.
Proof. See Appendix B.1.5. O

The failure in the global identification condition comes from the assumptions of unknown
shock variances and unknown factor loadings. If instead shock variances and factor loadings
were taken to be known—mirroring Assumption 1 of Gabaix and Koijen (2024) and as is the
case for the proof of Lemma 2.3.1—then the unit-specific spillover coefficients are identified.®
In the proof of Lemma 2.5.1, I show that factor loadings can compensate for incorrect guesses
for the spillover coefficient. To see this, let 6 = [qz/ Y ] be a candidate root to the population
moment condition. In the proof, I consider the set of solutions where the first unit’s spillover
coefficient and loading equal their true values (ggl = ¢ and 5\1 = A1). I then show that a
subset of the population moment conditions imply that ggk — ¢ = —%(:\k — ) for
k > 2. In words, )\, can compensate for an incorrect spillover coefficient ¢y, =% ¢p. Formally,
the proof shows that there is at least one 8 # @, such that g(f)acmr(é) — 0. Moreover, 6 need
not be “close” to the true parameter, as there is no guarantee that max; ggz > min; ¢; or
min; ¢; < max; ¢;. In this sense, ¢ is potentially far from the true spillover coefficient ¢y.

Lemma 2.5.1 also implies a tradeoff between modeling unit-level heterogeneity and allowing
for correlated shocks. Recall that Proposition 7 of Gabaix and Koijen (2024) shows that

a homogeneous spillover coefficient is identified when shocks admit a factor structure with

unknown loadings and if shock variances are homogeneous across units. In contrast, Lemma

6In a related case, Appendix B.2.2 shows that differencing RGIV moments can account for factor loadings
determined by unit-specific observables.
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2.5.1 shows that global identification is lost under unrestricted heterogeneity on spillover
coefficients and shock variances. Taken together, these results suggest that practitioners face

a tradeoff between two empirically-relevant models.

2.6 Application

Applying the robust granular instrumental variables (RGIV) methodology to the Euro
area sovereign yield spillovers application of a working paper version of Gabaix and Koijen
(2024), this section finds strong evidence of country-level heterogeneity in the spillovers of
idiosyncratic shocks.

Just as in Gabaix and Koijen (2024), the sample consists of daily data on 10-year zero
coupon yields from Bloomberg from September 1, 2009 to May 31, 2018 giving a total of
2283 observations. The included countries are Austria, Belgium, Finland, France, Germany,
Greece, Ireland, Italy, Netherlands, Portugal, Slovenia, and Spain. For the yield spread of
country i (relative to Germany) y;;, the outcome variable r;; is defined as r; = % just
as in Gabaix and Koijen (2024). Since shocks are linearly related to the outcome variable as

outlined in Assumption 2.3.1(i), r; is winsorized (over time) at the 0.5 and 99.5th percentiles.

Following Gabaix and Koijen (2024), size is time-varying and computed as “debt-at-risk”

S. _ Bit 1Yit—1
Gl S By

Observed explanatory variables are included to account for unit-specific exposures to latent

where B;;_; is the outstanding government debt of country .

aggregate shocks. In particular, I include the STOXX 50 Volatility Index (differences), the
STOXX Europe 600 Index (growth), the EUR-USD exchange rate (growth), the United States
10 Year Treasury yield (growth), BBB/Baa-10Y spread (differences), and the European Fama-
French 5 factors (Fama and French, 2015). These observed explanatory variables account for
differential exposure of countries to uncertainty, exchange rates, equity prices, and risk. All

data are downloaded from Bloomberg.
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Even with observed explanatory variables, well-documented regional correlations among
Europe’s core and periphery countries likely still drive correlations between shocks (Bayoumi
and Eichengreen, 1992). To address this concern, I size-aggregate r;; to form larger country
blocks; even if shocks within blocks are correlated, RGIV is still valid so long as shocks between
blocks are uncorrelated. Hence, uncorrelatedness between blocks is a weaker condition than

uncorrelatedness between countries. Specifically, I consider the following four blocks:

Block 1 (Core): Austria, Belgium, Finland, France, Netherlands;

Block 2 ( Western periphery): Ireland, Portugal, and Spain;

Block 3 (Eastern periphery): Greece and Italy;

Block 4: Slovenia.

Block 1 includes countries typically classified as being members of the EU “core.” Blocks 2
and 3 contain countries typically classified as being members of the EU “periphery.” Block 4
contains Slovenia, which is typically left uncategorized on account of its distinct institutional
structure as a former member of Yugoslavia.

I report RGIV point estimates and standard errors for individual spillover coefficients.
Conservatively, standard errors are computed using a HAC GMM weight matrix to account
for the possible serial correlation of idiosyncratic shocks.” Size-weighted spillover coefficients
are constructed using the Delta method, using the average block size over the estimation
sample.

I also present GIV results based on the shock variance approximation and factor estimation
procedures detailed in Section 5.3 of the July 2021 working paper version of Gabaix and
Koijen (2024). I include this procedure for comparison, as it is used in the original application.
This procedure approximates the variance of the shocks with Var(r;), valid when spillovers
are small. As a diagnostic for GIV instrument strength, the first stage F-statistic is also

reported.

"Specifically, a Newey-West kernel with the Lazarus et al. (2018) truncation parameter rule of 1.3v/T.
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I find strong evidence of spillovers in the aggregate and of spillover heterogeneity across
countries. In the preferred specification (Column 1 of Table 2.6.1), the null hypothesis of
uncorrelated idiosyncratic shocks isn’t rejected suggesting that the RGIV moment conditions
are consistent with the data. Evidence of spillovers in the aggregate, the size-weighted spillover
coefficient is 0.54 (with a standard error of 0.08). Moreover, with a p-value of < 0.001 for the
spillover coefficient homogeneity test, the null hypothesis of spillover coefficient homogeneity
is rejected at conventional significance levels. Turning to individual spillover coefficients, the
spillover coefficient for the western periphery block (0.83) is more than twice that of the core
countries (0.40).

The qualitative features of the preferred specification are robust to omitting observed
explanatory variables and using an estimator that is efficient under higher-order dependence
among shocks. Omitting explanatory variables, Column 2 of Table 2.6.1 shows spillover
coefficient heterogeneity across blocks. Relative to the preferred specification, the estimated
size-weighted spillover coefficient is slightly larger (at 0.63). Recall that the RGIV estimator
is efficient under the independence of idiosyncratic shocks, but isn’t guaranteed to be efficient
under the weaker condition of idiosyncratic shock uncorrelatedness.® To address, Column 3
shows the results of a “higher-order efficient” estimator, which uses the procedure outlined
in Remark 5 of Section 2.3.2. The point estimates and standard errors are nearly identical,
suggesting that higher order dependence of idiosyncratic shocks play a minor role in this
application. The spillover coefficient estimated with GIV procedure featured in a working
paper version of Gabaix and Koijen (2024) is comparable to the size-weighted spillover
coefficient computed with RGIV, but is unable to speak to country-level heterogeneity.
Column 4 of Table 2.6.1 presents results of the baseline GIV methodology applied to this
section’s core-periphery-aggregated panel (distinct from the country-level panel of Gabaix
and Koijen (2024)). The spillover coefficient of 0.57 is close to the size-aggregated spillover

coefficient computed in the preferred RGIV specification.

8For example, a shared volatility term would induce dependence of higher order moments.
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Preferred No controls Higher-order efficient 1-factor GIV

RGIV results:

os 0.54 0.63 0.54
(0.08) (0.07) (0.08)
OIRL,PRT,ESP 0.83 0.86 0.83
(0.06) (0.05) (0.06)
PGRC, ITA 0.44 0.56 0.44
(0.16) (0.13) (0.16)
PCore 0.39 0.47 0.40
(0.03) (0.02) (0.03)
PsvN 0.33 0.49 0.33
(0.06) (0.05) (0.05)
otV 0.56
(0.02)
Tests (p-values):
Specification 0.950 0.923 0.935
Homogeneity <0.001 <0.001 <0.001
First-stage F-statistic 592

Table 2.6.1: Spillover coefficient estimation results. RGIV coefficient estimates for ¢g, ¢1rL, PRT,ESP, PGRC, ITA,
dcore and ¢gyn are listed above standard errors, which are provided in parentheses. p values are provided in
the bottom section of the table for the specification test and parameter homogeneity tests. Estimates for
the GIV spillover coefficient and standard error are listed in the ¢!V row, and the instrumental variables
first-stage F-statistic is given in the table’s last row. See the main text for details on the table’s columns.

Section B.2.3 gives additional RGIV results under alternative winsorizations, the more
widely-used Andrews (1991) truncation parameter, omitting the Fama-French factors as
observed explanatory variables, and alternative choices of country blocking. Section B.2.3
also contains results for the O-factor and 2-factor GIV specifications.

Summarizing, RGIV finds strong evidence of country-level differences in sovereign yield
spillovers. In response to a 1% increase in the size-weighted relative yield spread, the relative
yield spread of “core” countries increases by 0.4% compared to an increase of 0.8% for
countries in the western “periphery.” Substantively, these estimates point to the importance

of understanding the role of country-level characteristics in the heterogeneous propagation of

idiosyncratic shocks during sovereign debt crises.

85



2.7 Simulation study

I close by showing that RGIV has good finite sample performance in simulation using four
DGPs based on the preferred specification studied in Section 2.6. In contrast, I show that
two versions of the GIV procedures—the “feasible” GIV procedure (featured in this paper’s
application application) and “oracle” GIV procedure that takes idiosyncratic shock variances

0? to be known—can severely under-cover under spillover coefficient heterogeneity.

SETUP The “homogeneous spillovers” DGP is loosely based on the preferred specification
of Section 2.6. Under spillover coefficient homogeneity across units, the DGP serves as a
baseline, as both the oracle GIV and RGIV estimators are correctly specified. For n = 4

units and a sample length of T = 2283, the model parameters are below:

/

!
¢ = [0‘54 0.54 0.54 0.54}, o= [0.014 0.014 0.014 0.014

!/
S = {0.29 0.56 0.14 0.01]-

Having established an environment for which both the oracle GIV and RGIV estimators
are valid, I study three additional DGPs that deviate from the homogeneous spillovers DGP.
These illustrate the finite sample properties of RGIV and GIV. First, the “coefficient outlier”
DGP takes the homogeneous spillovers specification and sets the spillover coefficient of the
fourth unit to 0.75. Second, the “shock variance outlier” DGP takes the homogeneous
spillovers specification and sets the shock standard deviation of the first unit to 0.03. Third,
the “application” DGP allows for heterogeneous spillover coefficients and shock variances by
assigning them to be the estimated values from the application’s preferred specification.

For each DGP, I consider results from the RGIV estimator, “feasible” GIV estimator, and
“oracle” estimator. For the RGIV estimator, I compute confidence intervals for the spillover
coefficients of individual units, size-weighted spillover coefficients, and equal-weighted spillover

coefficients. These confidence intervals highlight how RGIV can be used for researchers in-
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terested in individual spillover coefficients and for those interested in a single, aggregated
parameter. The “feasible” GIV estimator is computed using the Var(r;;) ~ Var(u;) approxi-
mation (valid when spillovers are small) while the “oracle” GIV estimator is computed as if the
true idiosyncratic shock variance Var(u;) were known. Both GIV estimators are included to
show the practical implications of mistakenly assuming spillover coefficient homogeneity across
units. The feasible GIV estimator, in particular, is included to evaluate the approximation
Var(r;;) ~ Var(u;) and for completeness (it is featured in the application section).

A conservative notion of coverage is used for the GIV estimators. Since the GIV
estimators require spillover coefficient homogeneity across units, I report the proportion
of GIV confidence intervals that contain any positive-weighted average of potentially
heterogeneous spillover coefficients—measured as the proportion of GIV confidence intervals

with a nonempty intersection with the closed interval [minj<;<, ¢;, maxi<;<, ¢;].

REsurLTs While the empirical coverage is near the nominal level for RGIV, feasible RGIV
can severely under-cover. Table 2.7.1 shows that nearly 95% of the confidence intervals
for QASS and QASE contain the true estimands ¢g and ¢g in all four DGPs. In contrast, the
true spillover coefficient is contained in none of the feasible GIV confidence intervals in the
homogeneous spillovers DGP. Considering that the true coefficient is contained in 95% of the
oracle estimator confidence intervals, together these results suggest that the approximation
Var(ry) =~ Var(u;) is inappropriate for this DGP.

Under spillover coefficient heterogeneity, the GIV estimators can substantially under-
cover—even with the conservative notion of coverage featured in this simulation study. For
the coefficient outlier DGP, none of the feasible GIV confidence intervals contain any positive
weighted average of heterogeneous spillovers, compared to 15% for the oracle estimator.
Hence, for certain DGPs, mistakenly assuming spillover coefficient homogeneity and applying

versions of the baseline GIV estimator can result in unreliable inference.
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DGP | RGIV GIV Testing (a = 0.05)
qfﬁg & Feasible Oracle | Spec. Homog.

Homogeneous spillovers 0.94 0.97 0 0.95 0.054 0.042
(0.12)  (0.038) | (0.058) (0.046)

Coefficient outlier 0.94 0.97 0 0.15 0.047 0.998
(0.12)  (0.037) | (0.078) (0.071)

Variance outlier 0.97 0.94 0.0068 0.95 0.045 0.052
(0.045) (0.067) | (0.037) (0.033)

Application 0.95 0.97 1.00 1.00 0.064 0.996
(0.14)  (0.052) | (0.083)  (0.10)

Table 2.7.1: Simulation results (5000 simulations, T = 2283, 95% confidence intervals). Empirical coverage
probabilities are listed above median confidence interval lengths, which are provided in parentheses. RGIV:
Coverage probabilities are computed as the proportion of confidence intervals containing the estimand (¢g

for s and ¢p for ¢r). GIV: Coverage probabilities are computed as the proportion of confidence intervals
containing any positive-weighted average of ¢; for the feasible and oracle GIV estimators. Computed at the
5% level, the RGIV specification test (Spec.) and coefficient homogeneity test (Homog.) are provided in the
final two columns.

Evaluating the properties of the testing procedures featured in Section 2.4, the empirical
size of the RGIV specification and coefficient homogeneity tests are near their nominal level.
The empirical rejection rate of the coefficient homogeneity test is 4.2% and 5.2% for the
homogeneous spillovers and variance outlier DGPs respectively, where the null hypothesis
of spillover coefficient homogeneity across units is true. When spillover coefficients are
not homogeneous, as is the case under the elasticity outlier and application DGPs, the
null hypothesis of homogeneous coefficients is rejected in more than 99% of Monte Carlo
replications. Turning to the specification test, note that the RGIV framework is correctly
specified in all four DGPs. At worst, the null hypothesis of idiosyncratic shock uncorrelatedness
is rejected in 6.4% of Monte Carlo replications under the application DGP.

The RGIV estimator presents a modest (if any) power tradeoff relative to the oracle GIV
estimator, and unit-specific RGIV spillover coefficients have good coverage properties despite

applying to a more general environment. In the homogeneous spillovers application, the

equal-weighted RGIV spillover coefficient has a comparable median confidence interval length
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(0.038) to that of GIV (0.046).° Turning to unit-specific spillover coefficients, Table 2.7.2
shows that the empirical coverage across all four DGPs and RGIV spillover coefficients is

near 0.95.

DGP P1 P2 ¢3 P4
Homogeneous spillovers | 0.96 0.95 0.95 0.95
(0.16)  (0.3) (0.075) (0.058)

Coefficient outlier 0.95 0.95 0.95 0.94
(0.16)  (0.3) (0.075) (0.058)

Variance outlier 0.95 0.96 0.95 0.95
(0.43) (0.18) (0.046) (0.044)

Application 0.96 0.95 0.96 0.95

(0.12) (0.32) (0.091) (0.14)

Table 2.7.2: Simulation results for the RGIV unit-specific spillover coefficients (5000 simulations, 7' = 2283,
95% confidence intervals). Empirical coverage probabilities are listed above median confidence interval lengths,
which are provided in paretheses.

2.8 Discussion

Gabaix and Koijen (2024) introduces granularity-based identification, a substantial step
forward for credible spillover estimates in macroeconomics and finance. Its baseline granular
instrumental variables procedure, however, requires strong assumptions—namely homogeneous
spillovers across units, homogeneous shock variances, skewed unit size, and idiosyncratic
shocks (after accounting for common factors with known loadings). I build on this innovative
approach by showing that unit-specific spillover coefficient heterogeneity with heterogeneous
(and unknown) shock variances can jointly be accounted for without further restrictions. My
estimator, called robust granular instrumental variables, also allows for homogeneous unit sizes
unlike GIV. Intuitively, my approach uses internally estimated individual idiosyncratic shocks
as instruments. I give results on identification and inference, showing that the required GIV

assumption of coefficient homogeneity is directly testable. Relaxing the idiosyncratic shock

9In general, researchers interested in any positive-weighted average of potentially heterogeneous spillover
coefficients could estimate unit-specific spillover coefficients using RGIV and compute the weights that
minimize the confidence interval length of the resulting aggregated estimator.
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assumption, I highlight a tradeoff: practitioners must choose between allowing unrestricted
unit-level heterogeneity and a general shock covariance structure. Studying FEuro zone
sovereign yields, I find strong evidence of country-level heterogeneity in spillovers. I find that
my proposed estimator has good finite sample properties through simulation.

There are several directions for future work. First, my approach builds on the baseline
framework proposed by Gabaix and Koijen (2024). Here, an individual unit’s outcome is
determined by the size-weighted aggregate outcome. A structure where spillover responses are
allowed to differ by the shock’s source could be of interest for empirical work. Second, while
the core-periphery structure of Euro area countries serves as a natural basis for grouping units
in the empirical application, grouping could be automated. Third, as discussed in Section
2.5.2, practitioners face a tradeoff between unrestricted unit-level heterogeneity in spillover
coefficients and correlated shocks. Further work on alternative economically-motivated
conditions that preserve global identification would be of considerable interest to applied

users.
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Chapter 3

Double Robustness of Local
Projections and Some Unpleasant

VARithmetic*

3.1 Introduction

In recent years, local projection (LP) estimators of impulse response functions have become
a very popular alternative to structural vector autoregressions (henceforth interchangeably
referred to as VAR or SVAR, Sims, 1980). In addition to their simplicity, one potential
explanation for the popularity of LPs is their perceived robustness to misspecification, as

claimed by Jorda (2005) in his seminal article that proposed the estimation method:

*I thank my coauthors José Luis Montiel Olea, Mikkel Plagborg-Mgller, and Christian Wolf for their
permission to reproduce our work here. The paper has been presented at the following: University of Michigan,
Boston University, European Central Bank, University of Texas at Austin, London School of Economics,
Columbia University, Federal Reserve Bank of Philadelphia, Princeton University, Federal Reserve Bank
of Cleveland, Conference in Honor of Christopher Sims (Federal Reserve Bank of Atlanta), 2024 NBER
Summer Institute, 2024 NBER-NSF Time Series Conference, University of Maryland, 17th Greater New York
Area Econometrics Colloquium, Harvard University /Massachusetts Institute of Technology joint seminar,
University of Michigan, University of Notre Dame, 2025 World Congress of the Econometric Society, Federal
Reserve Bank of St. Louis, and XV Workshop in Time Series Econometrics (University of Zaragoza). The
paper is conditionally accepted at Econometrica. The latest public working paper version of the article has
been reproduced in this chapter.
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“[T]hese projections are local to each forecast horizon and therefore more robust

[than VARs] to misspecification of the unknown DGP.”

While this sentiment has been echoed in influential reviews (e.g., Ramey, 2016; Nakamura
and Steinsson, 2018; Jorda, 2023), there so far exist essentially no theoretical results on the
relative robustness of LP and VAR inference procedures to misspecification. Plagborg-Mgller
and Wolf (2021) and Xu (2023) show that the two estimators are in fact asymptotically
equivalent—and thus equally robust to misspecification—in a general VAR(co) model if the
estimation lag length diverges to infinity with the sample size. However, this result does not
directly speak to the empirically relevant case where researchers employ small-to-moderate
lag lengths to preserve degrees of freedom. Applied researchers must therefore base their
choice of inference procedure on empirically calibrated simulation studies (Kilian and Kim,
2011; Li et al., 2024).

In this paper we provide a formal proof of Jorda’s claim that conventional LP confidence
intervals for impulse responses are surprisingly robust to misspecification. On the other
hand, VAR confidence intervals are robust if, and only if, they are as wide as LP intervals
asymptotically, as is the case when they control for a large number of lags. If the confidence
interval is shorter, then it is necessarily unreliable.

We consider a large class of stationary data generating processes (DGPs) that are well
approximated by a finite-order SVAR model, but subject to local misspecification in the form
of an asymptotically vanishing moving average (MA) process, of potentially infinite order.
This class is consistent with essentially all linearized structural macroeconomic models and
covers many types of dynamic misspecification, such as under-specification of the lag length,
failure to include relevant control variables, inappropriate aggregation, and measurement
error. Intuitively, with this set-up we capture the idea that finite-order VAR models provide
a good but imperfect approximation of reality.

In this setting, we prove that the conventional LP confidence interval has correct (pointwise)

asymptotic coverage even for local misspecification that is of such a large magnitude that it
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can be detected with probability 1 in large samples. This robustness property requires that
we control for those lags of the data that are strong predictors of the outcome or impulse
variables, but—crucially for applied work—the omission of lags with small-to-moderate
predictive power does not threaten coverage. We argue that our result can be interpreted as
a consequence of the double robustness of the LP estimator, which is analogous to the double
robustness of modern partially linear regression estimators in the literature on debiased
machine learning.?

In stark contrast to LP, even small amounts of misspecification can cause conventional
VAR confidence intervals for impulse responses to suffer from severe undercoverage. We first
derive analytically the worst-case bias and coverage of VARs over all possible misspecification
processes, subject to a constraint on the overall magnitude of the misspecification. The
worst-case bias and coverage distortion are small if, and only if, the asymptotic variance is
close to that of LP. In general, the only way to guarantee robustness of conventional VAR
inference is thus to include so many lags that the VAR estimator is asymptotically equivalent
with LP. If instead the VAR confidence interval is much shorter (as is typically the case in
applied practice), then it will severely undercover even for a misspecification term that: (i) is
small in magnitude; (ii) has dynamic properties that cannot be ruled out ex ante based on
economic theory; and (iii) is difficult to detect ez post with model specification tests. Instead
of increasing the lag length, coverage can also be restored by using a larger bias-aware critical
value (Armstrong and Kolesar, 2021), but we show that the resulting confidence intervals are
so wide that one may as well report the LP interval.

We demonstrate the practical relevance of our theoretical results through a comprehensive
review of current practice in the applied VAR literature, together with a simulation study.
In papers published in top economics journals, researchers tend to select small to moderate

lag lengths, and often report impulse responses at horizons far exceeding the lag length.

2Important contributions include Robins et al. (1992), Robins and Rotnitzky (1995), Robins et al. (2000),
Robins and Rotnitzky (2001), Bang and Robins (2005), Ai and Chen (2007), Chernozhukov et al. (2018), and
Chernozhukov et al. (2022).
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Our theory suggests this practice is likely to render inference vulnerable to misspecification.
To substantiate this conclusion, we simulate data calibrated to the oil shock application in
Kénzig (2021). The DGP is taken to be a VAR estimated on the paper’s actual data, but with
18 lags rather than 12. The VAR confidence interval materially undercovers—particularly
at medium and long horizons—if the lag length is set to 12 or selected by AIC, in line with
applied practice, while the LP interval attains close to nominal coverage. Increasing the
estimation lag length beyond the conventional choices ameliorates the VAR undercoverage,

at the cost of delivering confidence intervals as wide as those of LP.

Literature. Relative to the previously cited simulation studies of LPs and VARs, we
here derive analytical results on the worst-case asymptotic properties of these two inference
procedures that hold for a wide range of stationary, locally misspecified VAR models. The
simulations in Li et al. (2024) suggest a stark bias-variance trade-off between LP (low bias,
high variance) and moderate-lag VAR estimators (moderate bias, low variance). The reason
behind the theoretical superiority of LP proved in this paper is that, if the objective is to
construct confidence intervals with robust coverage for a wide range of DGPs, then even a
moderate amount of VAR bias cannot be tolerated, as it causes the VAR confidence interval
to be poorly centered. A concern for correct confidence interval coverage thus effectively
induces a large weight on bias in the researcher’s objective function, justifying the use of LP
despite its higher variance.

The robustness of LPs to misspecification discussed here—with stationary data and
at fixed horizons—is conceptually and theoretically distinct from the robustness of LPs
to the persistence in the data and the length of the impulse response horizon shown by
Montiel Olea and Plagborg-Mgller (2021). Nevertheless, it turns out that controlling for lags
(“lag augmentation”) is key to all the robustness properties established in Montiel Olea and

Plagborg-Mgller (2021) and in the present paper.
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We also build upon previous research into misspecified VAR models, uncovering novel
results about the robustness of LPs and the worst-case properties of VAR procedures. Braun
and Mittnik (1993) derive expressions for the probability limits of VAR estimators under
global MA misspecification; however, since bias always dominates variance asymptotically in
their framework, they do not characterize the properties of LP and VAR inference procedures,
which is the focus of our paper. Schorfheide (2005) characterizes the asymptotic mean
squared errors of iterated and direct multi-step forecasts in a reduced-form VAR model with
MA terms of order 772 and Gonzilez-Casastis and Schorfheide (2025) use this framework
to select hyperparameters for VAR forecasts. Miiller and Stock (2011) construct Bayesian
forecast intervals in a locally misspecified univariate AR model. Relative to these papers,
we here contribute by: (i) focusing on structural impulse responses rather than forecasting;
(ii) allowing for more general rates of local misspecification, which is key to uncovering the
double robustness of LP; and (iii) deriving simple analytical formulae for worst-case bias and
coverage of VARs. As such, our results formalize concerns by applied practitioners about
the lack of VAR robustness and sensitivity to lag length (Chari et al., 2008; Nakamura and
Steinsson, 2018; see also Inoue and Kilian, 2002, and Kilian and Liitkepohl, 2017, Chapters
2.6.5 and 6.2).

Whereas our paper deals with bias imparted by dynamic misspecification, the analysis
does not capture other familiar sources of small-sample bias. In particular, our asymptotics
abstract from the order-T~! biases that arise from (i) persistence in the data (Pope, 1990;
Kilian, 1998; Herbst and Johannsen, 2024) and (ii) the nonlinearity of the impulse response

transformation of the VAR parameters (Jensen’s inequality).

Outline. Section 3.2 defines the local-to-SVAR model as well as the LP and VAR estimators.
Section 3.3 proves the robustness of LP and the fragility of VAR confidence intervals.
Section 3.4 derives analytically the worst-case bias and coverage of VARs, and shows that

bias-aware VAR confidence intervals tend to be wider than the LP interval. Section 3.5
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demonstrates the practical relevance of our theoretical results through a review of the applied
literature and a simulation study. Section 3.6 concludes. Replication materials are available

online.?

Notation. All asymptotic limits are taken as the sample size T'— oo and are pointwise
in the sense of fixing the true model parameters and the impulse response horizon. A sum

b, ¢ is defined to equal 0 when a > b.

3.2 Framework

We start out by defining the model and estimators.

3.2.1 Model and assumptions

Extending the forecasting model of Schorfheide (2005), we consider a multivariate, stationary

structural VARMA(1, co) model that is local to an SVAR(1) model:

y, = Ay, + H[I + T a(L))e;, for all ¢, (3.2.1)
where the data vector y: = (Y14,...,Ynt) 18 n-dimensional, the shock vector & =
(€14y - -+, Emy) is m-dimensional, A is an nxn matrix, H is an n xm matrix, a(L) = 352, ayL*

is an m x m lag polynomial, and 7" denotes the sample size. We allow the number of shocks
m to potentially exceed the number of variables n, and vice versa. We show below that
equation (3.2.1) encompasses local-to-SVAR models with p > 1 lags by writing them in
companion form.

The model (3.2.1) captures the idea that the time series dynamics of the data are well
approximated by an autoregressive model driven by unobserved white noise shocks ¢;, but

with a small amount of misspecification in the form of an MA process T~¢a(L)e;. The

3https://github.com/ckwolf92/1p_var_inference
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misspecification is asymptotically small in the sense that the MA coefficients converge
to zero at the rate 77¢, though the misspecification may still affect the properties of
estimators, as shown by Schorfheide (2005) and as demonstrated below. We argue below that
MA misspecification of this form can capture many empirically relevant types of dynamic
misspecification. We consider local rather than global misspecification in the spirit of local
power analysis (e.g., Rothenberg, 1984), since this makes the bias-variance trade-off between
the VAR and LP estimators matter even asymptotically as the sample size T' diverges,
allowing us to make tractable analytical comparisons between these two procedures.

The parameter of interest is the response at horizon h of the variable ;- ; with respect to

the shock ¢+, for some indices ¢* € {1,...,n} and j* € {1,...,m}, to be defined below.

Assumption 3.2.1. For each T, {y; }1ez is the stationary solution to equation (3.2.1), given

the following restrictions on parameters and shocks:

i) & i<s (Opux1, D), where D = diag(o?,...,02%), and the elements of €; are mutually
independent. For all j =1,...,m, o7 >0 and E(c},) < oc.

it) All eigenvalues of A are strictly below 1 in absolute value.

it1) The first j* rows of H are of the form (FI,Oj*X(m,j*)), where H is a j* x §* lower

triangular matriz with 1’s on the diagonal. In particular, we require j* < n.

iv) S = var(g;) is non-singular, where §j; = (I — AL)"'He, is the stationary solution to

(3.2.1) when o(L) = 0. Specifically, e(S) = (I — A® A)"'e(X), where ¥ = HDH'.
v) (L) is absolutely summable.
vi) ¢ > 0.

The assumptions that the shocks are mutually and serially independent are made to
simplify the exposition; we prove formally in Appendix C.3.1 that our results on the robustness
of LP and on the asymptotic bias of VAR go through for a large class of conditionally
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heteroskedastic shock processes. The assumptions on H correspond to recursive (also known
as Cholesky) identification of the shock of interest ;- ,, with a unit effect normalization
Hj- j« = 1. A special case is when the shock is directly observed, which corresponds to ordering
it first (i.e., j* = 1). Appendix C.3.2 shows that our results extend also to identification via
external instruments or proxies (Stock and Watson, 2018). Absolute summability of a(L)
is a weak regularity condition ensuring the vector MA(oo) process «(L)e; is well-defined
(Brockwell and Davis, 1991, Proposition 3.1.1). Finally, the assumption that ¢ > 0 restricts
attention to local misspecification, as discussed earlier.

The impulse response of interest is defined as

h
Ohr = € (AhH +T°¢ ZAh_gHOf€> ejem = ElYirin | €+ = 1] = Elyi t4n | €5+ = 0],
=1

where e;,, denotes the n-dimensional unit vector with a 1 in position . The first term in the
parenthesis is the usual VAR impulse response formula, while the second term arises from the
MA component. Importantly, and consistent with our focus on the consequences of dynamic
misspecification, we do not treat the VAR misspecification as non-classical measurement
error that should be ignored for structural analysis; instead, the true causal model has a
VARMA form (with small but potentially non-zero MA terms), and we care about the full

transmission mechanism of shocks in this model.

Additional lags. Our framework covers local-to-SVAR(p) models of the form
p v v
G =D Adjr—e + H[I + T~ a(L)]er, (3.2.2)

where g, is n-dimensional, the A, matrices are n x n, and H is n X m and satisfies Assump-

tion 3.2.1(iii)). This fits into the original model (3.2.1) if we set n = np and define the
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companion form representation

U A Ay L A, A, H
Vi—1 I 0 0 0 0
Vvi=1| o |» A=[0 I o o0, H=]0
Ut—pi1 0 0 ... I 0 0

In particular, we can allow the estimation lag length p to exceed the true minimal lag length
po of the model by setting Ay =0for ¢ > po. This fact will prove useful when we consider

what happens as the lag length of the estimated VAR is increased.

Types of misspecification. Our local-to-SVAR model (3.2.1) with MA misspecification
covers several empirically relevant types of model misspecification. While essentially all
modern discrete-time, linearized macro models have VARMA representations, they usually
cannot be represented exactly as finite-order VAR models (e.g., Kilian and Liitkepohl, 2017,
Chapter 6.2). Even if the true DGP were a finite-order VAR, dynamic misspecification of the
estimation model can give rise to MA terms, for example due to under-specification of the lag
length or failing to control for some of the variables in the true system. Relatedly, MA terms
may appear because of a failure of invertibility of the shocks (Alessi et al., 2011). VARMA
representations can also arise from temporal or cross-sectional aggregation of finite-order
VAR models, including contamination by classical measurement error (Granger and Morris,
1976; Liitkepohl, 1984). In all of these cases, if the number of lags used for estimating the
VAR is chosen to be sufficiently large, then the MA remainder will be small, consistent with
the spirit of our locally misspecified model (3.2.1).

In terms of structural shock identification, our framework accommodates both the case
of a well-identified shock (or instrument/proxy, see Appendix C.3.2) but misspecification in

other parts of the model, as well as misspecification in the structural shock identification
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itself. Key to this generality is that we allow the m x m MA polynomial a(L) to be arbitrary.
To see this, consider the case j* = 1, so interest centers on the dynamic causal effects of the
first shock e14. If the first row of a(L) is zero, then ¢, is well-identified as the reduced-form
residual in the first equation of the VAR. If the first row of a(L) is non-zero, then the
reduced-form residual will be contaminated by lagged shocks, thus allowing for the possibility

that shock identification itself is not entirely accurate.

3.2.2 Estimators

We consider two estimators of the impulse response 6, 1 using the data {y,}I_;:

1. The LP estimator is the coefficient Bh in a regression of y;« 44, on y;« 4, controlling for

Yo = (Y145 -+, Yj=—1+)" (i-e., the variables ordered before y;- ;, if any) and lagged data:

Yix t+h = Bhyj*,t + c%gj*,t + %%—1 + éz‘*,h,ta (3-2-3)

where éi*7h7t is the least-squares residual. Recall from the previous subsection that if we
are estimating an SVAR(p) specification in the data g, then the vector y;_; actually

contains p lags r—1,. .., Gt—p.

2. The VAR estimator is defined as the response of y;« ¢y, with respect to the j*-th recur-
sively orthogonalized innovation, where the magnitude of the innovation is normalized

such that y;-; increases by one unit on impact:

A

— Ah
On = €5, A"D,

where

T T -1
A = (Z yty£—1> <Z ytly£—1> ) l) = Cj:}j*co,j*a
t=2 t=2
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and CA'.J* is the j*-th column of the lower triangular Cholesky factor C' of the covariance
matrix 3 = %Zle (TRTAES CC’ of the residuals 4, =y, — Ay,_;. Again, in the case of

an SVAR(p) specification, the above formulae operate on the companion form.

Note that the two estimators coincide at the impact horizon: Bo = 50 (see Lemma C.5.5
in Appendix C.5).

It is well known that conventional confidence intervals based on both these estimators
would have correct asymptotic coverage in a well-specified VAR model. However, the presence
of the additional MA term in the model (3.2.1) means that, in principle, both the LP and
VAR estimators ought to control for infinitely many lags of the data, rather than just one.
Nevertheless, as we will now establish, this dynamic misspecification has much more serious

consequences for the VAR procedure than for LP.

3.3 Robust local projections, fragile VARs

This section shows that the conventional LP confidence interval is robust to large amounts of
misspecification. In contrast, the conventional VAR confidence interval has fragile coverage,
except when it is asymptotically as wide as the LP interval, as will be the case with sufficiently

large lag length.

3.3.1 Large-sample distributions and confidence interval coverage

We begin by characterizing the large-sample distributions of the LP and VAR estimators.

The robustness of LPs. Our first main result establishes that the large-sample distribution

of the LP estimator is unaffected by large amounts of misspecification.

Proposition 3.3.1. Under Assumption 3.2.1,

. 11
— 0, = -
Bn = Onr o2 T

S Gnate s + Op(T72) + 0,(TV2),

t=1
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where

h
Ene = Eints - Gune) = AMHjgjy + > A" "Heyy,
/=1

with Hj* = (Ho,j*-i-la ey H.’m) and gj*,t = (€j*+1,t, ce 76m,t>/'
Proof. See Section C.2.1. [

The result implies that the first-order asymptotic behavior of LP does not depend
on the misspecification parameter a(L), provided ¢ > 1/4 so that O,(T~2¢) = o0,(T~'/?).
Though this robustness property of LP is with respect to local (i.e., asymptotically vanishing)
misspecification, it is still quantitatively meaningful, given that MA terms of order 7—¢
with ¢ € (1/4,1/2) in the model (3.2.1) can be detected with probability 1 asymptotically
by conventional VAR model specification tests, such as the Hausman test considered in
Section 3.3.2.

Why is LP robust to misspecification of such large magnitude? We will offer two
mathematically equivalent pieces of intuition, with our discussion throughout deliberately
heuristic. The classic omitted variable bias (OVB) formula suggests that the bias of the
LP impulse response estimator Bh in the regression (3.2.3) is proportional to the product
of two factors: (i) the direct effect of omitted lags on y;« 111, and (ii) the covariance of the
residualized regressor of interest y;= ; — E[y;» ¢ | Yoo ps y;—1] with the omitted lags. The factor
(i) is of order T7¢ in our local-to-SVAR model (3.2.1). The factor (ii) is also of order T¢,
since the residualized regressor equals &+, + O,(T~¢) under Assumption 3.2.1(iii)), and the
shock ¢+ ;4 is uncorrelated with any lagged data. Hence, the OVB is of order 7%, so when
¢ > 1/4, the bias of the estimator is negligible relative to the standard deviation (which is of
order T-/2, as in the correctly specified case). This argument relies on the LP regression
controlling for the most important lags of the data (i.e., y;_1); without lagged controls, one
or both factors in the OVB formula may not be small (Gonzalez-Casasis and Schorfheide,

2025).
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The preceding intuition is a special case of the double robustness property of partially linear
regressions, see Example 1.1 in Chernozhukov et al. (2018) and Example 1 in Chernozhukov
et al. (2022). We will now argue that this property applies also to LP, again settling for a
heuristic argument. For notational simplicity, set j* = 1 so Yy, = 0. Consider any dynamic

model (for example a VARMA(p, q)) that implies the following LP representation:

Yir t+h = OopY1,e + ’Yo(ytfl) + &ien,  where  &epy L Y= (Y, Y1, - - )-

Here 6y, is the true impulse response, 7o(+) is a function of lagged data, and “1L” signifies
independence. Define v4(y*™!) = E[y1, | v~ ']. By applying the Frisch-Waugh lemma to the
regression (3.2.3), we see that the LP estimator Bh is the sample analogue of the solution 6y,

to the moment condition

El{yit+n — Oopyre — %@ ) Hyre — oy} = 0.

If we evaluate the moment on the left-hand side at arbitrary functions ~(-) and v(-) rather
than at the true ones 7y(-) and 14(-), a simple calculation shows that it equals E[{yo(y'™") —
Yyt Hvo(y' 1) — v(yt=1)}].* Hence, the moment condition is satisfied at the true impulse
response parameter 0, as long as either v = 7o or v = vy, making the LP estimator doubly
robust: it is consistent if we correctly specify either the controls v(y'~!) in the outcome
equation or the controls v(y*~!) in the implicit first-stage regression that isolates the shock
gjor = ypu — v(y'™!). Because of double robustness, and as argued more generally by
Chernozhukov et al. (2018) (and confirmed by our proof), it turns out that estimation error in
o and v only affects the asymptotic distribution of 5h through the product of the estimation

errors |5 — vol| X || — wl|. In our local-to-SVAR model (3.2.1), both terms in this product

4We can write the moment as E[{yi« t+n — 0o.ny1.6 — 0@ ™) + %@ 1) — vy HHye — vy H} =
El{v@™Y) =y Hyie — o) + vo(y'™) — v(y' 1)}, since yir 14n — Bo,ny1e — Yo(y'=1) = &= nt is
independent of y* (orthogonality would suffice if v/(-) were linear). The claim now follows from E[y; ;—vo(y'~!) |
y'=1 = 0 by definition of vy (-).
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are of order T7¢ due to the omitted lags. The product is then of order T-% and thus

asymptotically negligible when ¢ > 1/4, consistent with our earlier intuition.

The fragility of VARs. In contrast to LP, the VAR estimator is fragile.

Proposition 3.3.2. Under Assumption 3.2.1,

T T
N 1
6h — eh,T = tr {S_I\I/hHT_l Z 5t§£1} + —26;* nAhT_l Z 507156]'*,13
O« ’

t=1 J t=1

+ T~ aBias(dy) + 0, (T2 + T,

where

00 h
aBias(d),) = tr {S_I\Ith > agDH'(A')E_l} — e > A" Hayejo m,

/=1 /=1

h
— h—¢ / -1
\I}h: E A H‘,j*ei*,nA s
=1

and {g:} and S are defined in Assumption 3.2.1.
Proof. See Section C.2.2. O

The convergence rate T~ ™{1/2¢} of the VAR estimator is weakly slower than the
T~ min{1/2.2¢h rate achieved by LP. This is because the VAR estimator suffers from bias

of order T-¢, while the stochastic terms of order 7-/2

are the same as they would be in
a correctly specified SVAR(p) model.” The VAR bias is only asymptotically negligible if
¢ > 1/2, a much smaller degree of robustness than shown above for LP. The case ( = 1/2 is
of particular interest, as then the bias and standard deviation are of the same asymptotic
order (see also Schorfheide, 2005). MA terms of order 7~!/2 can be detected with asymptotic
probability strictly between 0 and 1 by specification tests, as will be shown in Section 3.3.2.

The asymptotic bias is due to two forces: first, the coefficient matrix A is biased due to

the endogeneity caused by the MA terms, and second, the VAR estimator extrapolates the

5The first stochastic term captures sampling uncertainty in the reduced-form impulse responses flh, while
the second term captures uncertainty in the structural impact response vector .
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horizon-h impulse response based on a parametric formula AP that does not hold exactly in
the true VARMA model (3.2.1). This is more easily seen in the special case of a univariate

model y; = py;_1 + [1 + T Sa(L)]e; with n = m = 1, in which case

o0 h
aBias(0n) = hp" ' (1= p*) X p" e =3 p" e,
=1 (=1

apM)
9p

cov(a(L)es, gt —1) eh,T_ph

aBias(p)= (1)

where p = A is the AR(1) coefficient from an OLS regression of y; on y;_;.5 While the
dynamic responses estimated by the VAR are prone to bias, the shock identification per se is
not, in the sense that the VAR’s estimated impact (horizon-0) response is identical to the

doubly robust LP estimate (see Section 3.2.2).

Confidence intervals. The preceding results imply that the conventional LP confidence
interval is robust to misspecification while the conventional VAR interval is not. We define

the level-(1 — a) LP and VAR confidence intervals using the standard formulae:

CI(By) = [Bhizl_a/gx/aVar(Bh)/T . CI(0y) = {&izl_a/g\/a\/ar(gh)/T . (3.3.1)

Here 21_4/2 is the 1 — a/2 quantile of the standard normal distribution, and aVar(53,) and
aVar(dy,) are the asymptotic variances of the leading (order-T—/2) stochastic terms in the
representations of the LP and VAR estimators in Propositions 3.3.1 and 3.3.2; explicit
formulae for the asymptotic variances are given in Corollary C.1.2 in Section C.1.3, which
also implies that aVar(Bh) > aVar(Sh). None of the results below would change if we replaced
the asymptotic variances with the conventional consistent estimates of these (that assume

correct specification, as implemented in standard econometric software packages).”

6Lag augmentation of the VAR impulse response estimator as in Inoue and Kilian (2020) may reduce the
first term in the bias formula, but it does not affect the second term.

"Under Assumption 3.2.1, homoskedastic standard errors suffice. For LP, Heteroskedasticity and Au-
tocorrelation Robust inference would generally be required under the weaker assumptions in Appendix
C.3.1, though simple heteroskedasticity-robust standard errors suffice under the assumptions discussed by
Montiel Olea and Plagborg-Mgller (2021) and Xu (2023).
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Corollary 3.3.1. Under Assumption 3.2.1 and ¢ > 1/4, limy_,oo P(Oh1 € CI(3y)) =1 —a.
If moreover aVar(Sh) >0 and aBias(Sh) # 0, then limy o P(0hr € CI(gh)) = limy_,oo {1 —

r <T1/2*Cbh;zl,a/2)}, where b, = aBias(d,)/\/aVar(dy), r(b;c) = Py non(|Z +b] > ¢c) =
O(—c—b) + P(—c+b), and O(-) is the standard normal distribution function.

Proof. Considering separately the three cases ¢ € (1/4,1/2), ( =1/2, and ¢ > 1/2, the result

is an immediate consequence of Propositions 3.3.1 and 3.3.2. O

LP robustly controls coverage when ¢ > 1/4, while the VAR confidence interval generically
has coverage converging to zero for ¢ € (1/4,1/2), and strictly below the nominal level 1 — a
for ( = 1/2. Intuitively, the VAR confidence interval has the right width (the same as in the

correctly specified case) but the wrong location due to the bias.

3.3.2 Hausman misspecification test

To aid in interpreting the magnitude of the local misspecification in our set-up, we con-
sider a Hausman (1978) test of correct specification of the VAR model that compares the

VAR and LP impulse response estimates. This test rejects for large values of \/T| Bh —

Sh]/\/aVar(Bh) — aVar(dy). A test of this kind was proposed by Stock and Watson (2018) in

the context of testing for invertibility.

Proposition 3.3.3. Impose Assumption 3.2.1, ¢ > 1/4, and aVar(j3),) > aVar(d,) > 0. Then

the asymptotic rejection probability of the Hausman test equals

. VT|By, — o L TV, .
lim P = — > 2|_qp2 | = lim 7 = - $21-a/2 |
Toreo \/aVar(ﬁh) — aVar(dp,) o0 \/aVar(ﬁh)/ aVar(d,) — 1

where by, and r(-,-) were defined in Corollary 3.3.1.

Proof. Considering separately the three cases ¢ € (1/4,1/2), ( =1/2, and ¢ > 1/2, the result

follows from Propositions 3.3.1 and 3.3.2 as well as Corollary C.1.2 in Section C.1.3. ]
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As claimed previously, the Hausman test is consistent against MA misspecification of order
T with ¢ € (1/4,1/2), except in the knife-edge case where aBias(d,) = 0. When ¢ = 1/2
and aBias(Sh) # 0, the asymptotic rejection probability is strictly between the significance
level @ and 1. In Section 3.4 we will use the Hausman test to quantify the difficulty of

detecting especially pernicious types of model misspecification.

3.3.3 Lag length selection

We now elaborate further on the role of the estimation lag length. We first discuss the
properties of LP when the lag length is selected using standard information criteria. We then
show that increasing the lag length robustifies VAR inference by rendering it equivalent with

LP inference.

Lag length selection for LP. Appendix C.3.3 shows that the LP confidence interval
maintains correct asymptotic coverage when the lag length p is selected via the Bayesian
Information Criterion (BIC), provided that ¢ > 1/2. Specifically, the BIC should be applied
to an auxiliary VAR in the observed data series 1;; the selected lag length then determines
the number p of lags to control for in subsequent LP inference (which otherwise discards
the auxiliary VAR). The resulting LP inference is robust to model selection errors that
are known to cause difficulties for VAR inference (Leeb and Potscher, 2005; Kilian and
Liitkepohl, 2017, chapter 2.6.5). At a high level, the greater reliability of LP inference with
data-dependent lag length is a consequence of the double robustness discussed earlier, see
Belloni and Chernozhukov (2013) and Chernozhukov et al. (2018).

While the BIC suffices in theory for valid local projection inference, we follow Kilian and
Liitkepohl (2017) and recommend that researchers employ the more conservative Akaike
Information Criterion (AIC) in practice. The reason is that, in finite samples, the downsides of

under-specifying the lag length outweigh the slight inefficiency associated with over-selecting
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the lag length. Section 3.5 demonstrates that this lag length selection procedure delivers LP

confidence intervals with accurate coverage in realistic DGPs.

Long-lag VARs. One simple way to remove the asymptotic bias of the VAR estimator is
to control for sufficiently many lags—typically many more lags than indicated by conventional
information criteria. This is because in this case the estimator is asymptotically equivalent
with the LP estimator. See Plagborg-Mgller and Wolf (2021) and Xu (2023) for related

results in models without explicit MA misspecification.

Corollary 3.3.2. Suppose the model (3.2.2) written in companion form (3.2.1) satisfies
Assumption 3.2.1 and ¢ > 1/4. Let 3, denote the stationary solution to equation (3.2.2)
when (L) = 0. Ifejyy € span (J_1, . . . ,ﬁt,p) for all ¢ = 1,... h, then aBias(Sh) =0
and aVar(Sh) = aVar(ﬁAh). In particular, these results obtain if either of the following two

sufficient conditions hold:

i) The model is a local-to-SVAR (py) model (i.e., Ay =0 forpy << p) and h < p — py,

where p is the estimation lag length.

it) The shock of interest is directly observed and ordered first (i.e., j* =1 and Al,jl =0

for all j,0), and h < p.
Proof. See Section C.2.3. []

We see that, the larger the impulse horizon & of interest, the larger is the estimation lag
length p required for bias reduction. In fact, Section 3.4 shows that the only way to guarantee
that the asymptotic bias of the VAR estimator is zero is to control for so many lags that LP

and VAR are asymptotically equivalent.

3.4 VAR inference under bounded misspecification

To show that the fragility of VARs is likely to matter in practice, we now investigate the worst-

case properties of VAR procedures under a tight constraint on the amount of misspecification.
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We prove that the conventional VAR confidence interval is robust if, and only if, LP and
VAR intervals coincide asymptotically. VARs with short-to-moderate lag lengths suffer from
severe coverage distortions even for small amounts of misspecification that are hard to rule
out either economically or statistically. Beyond increasing the lag length, an alternative
strategy to fix VAR undercoverage is to use a larger bias-aware critical value; however, we
show that the resulting confidence interval is usually wider than the LP interval. Finally, we
show that all conclusions extend to the case of joint inference on multiple impulse responses.

Throughout this section we set ¢ = 1/2 so that the asymptotic bias-variance trade-off

between LP and VAR is non-trivial.

3.4.1 Worst-case bias and mean-squared error
Building towards our main results on VAR coverage distortions, we begin by deriving the

worst-case bias and mean-squared error of the VAR estimator.

Misspecification bound. To quantify the amount of misspecification in the local-to-SVAR

model (3.2.1) with ¢ = 1/2, we define the noise-to-signal ratio

tr {2 vr(e) ) = e (77 auDe) Dt = T a2

(=1

where we define the norm ||a(L)|| = \/Eg’il tr{Da,D~'ay,}. Suppose we are willing to impose
a priori that the noise-to-signal ratio is at most M?/T for some constant M € (0, 00). For
small M? /T, this roughly means that a fraction M?/T of the variance of the model’s error
term is due to the misspecification. This corresponds to restricting the parameter space for
a(L) to all absolutely summable lag polynomials that satisfy ||a(L)|| < M. In the following
we will consider the worst-case properties of the VAR estimator over this parameter space,

treating the other (consistently estimable) parameters (A, H, D) as fixed.

Worst-case bias.
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Proposition 3.4.1. Impose Assumption 3.2.1, ¢ = 1/2, and aVar(d,) > 0. Then

max lbp| = M| ——=— — 1,
a(L): la(L)l|<M
where we recall the definition b, = aBias(0y)/\/aVar(0y). Recall also that aVar(3,) and
aVar(0,) do not depend on a(L).

Proof. The claim is a special case of Proposition C.3.2 in Appendix C.3.4. O

Under our bound M?/T on the noise-to-signal ratio, the worst-case (scaled) VAR, bias
is a simple function of M and of the relative asymptotic precision aVar(/3,)/aVar(d,) of
the VAR estimator vs. LP. These two quantities are “sufficient statistics” for the worst-case
bias regardless of the number n of variables in the VAR, the lag length p, the specific VAR
parameters (A, H, D), and the horizon h. Hence, our subsequent analysis of the worst-case
properties of VAR procedures depends only on M and on the relative precision, allowing
us to concisely present analytical results that cover a wide range of local-to-SVAR models
without having to resort to simulations that inevitably only cover a finite number of DGPs.

Proposition 3.4.1 shows that VAR estimators must trade off efficiency and robustness:
the worst-case VAR bias is small precisely when the VAR estimator has nearly the same
variance as LP. While the worst-case bias can be reduced by increasing the VAR estimation
lag length p, the proposition shows that this can only happen at the expense of increasing
the variance. If we include so many lags that the worst-case bias is zero (cf. Corollary 3.3.2),

then the VAR estimator must necessarily be asymptotically equivalent with LP.

Worst-case mean squared error. For future reference we briefly discuss how the worst-
case mean squared error (MSE) of the VAR estimator depends on the imposed bound on

misspecification. Based on Propositions 3.3.1 and 3.3.2 as well as Corollary C.1.2, we define
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the asymptotic MSE of the VAR and LP estimators as follows:
aMSE(8,) = aVar(3,), aMSE(d,) = aBias(d;,)? + aVar(dy).
Corollary 3.4.1. Impose Assumption 3.2.1 and ( = 1/2. Then

sup  {aMSE(d),) — aMSE(S3,)} = (M? — 1){aVar(/3,) — aVar(d,)}.
a(L): le(L)[[<M

Proof. See Section C.2.4. O

In words, the worst-case MSE regret of VAR relative to LP is proportional to the variance
reduction of VAR relative to LP, with a proportionality constant of M? — 1. If M > 1
(corresponding to a noise-to-signal ratio greater than 1/7), the worst-case MSE of VAR thus
strictly exceeds the MSE of LP. From here it is also straightforward to recover the minimax

optimal way to average LP and VAR estimates.

Corollary 3.4.2. Impose Assumption 3.2.1, ¢ = 1/2, and aVar(5,) > aVar(,). Consider
the model-averaging estimator éh(w) = th +(1-— w)gh, and denote its asymptotic MSE by
aMSE(,(w)). Then

~ M?
argmin su aMSE(0,(w)) = .
SR a(L): lathl<h Bn@)) =1 + M?

Proof. See Section C.2.5. O

If M =1, it is minimax optimal to weight the LP and VAR estimates equally. If M = 2

(corresponding to a noise-to-signal ratio of 4/7T"), the LP estimator receives 80% weight.
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3.4.2 Worst-case coverage

We now turn to our main area of interest: the worst-case asymptotic coverage of the
conventional VAR confidence interval under our bound on the amount of misspecification.

This turns out to take a very simple form.

Corollary 3.4.3. Impose Assumption 3.2.1, ( = 1/2, and aVar(gh) > 0. Then

inf  lim P(6hr € CI@Gy) =1 —r <M aVar(B,)/ aVar(5,) — 1: zla/z) .

a(L): [la(L)[| <M T—o0

Proof. This is an immediate consequence of Corollary 3.3.1 and Proposition 3.4.1. ]

Based on this corollary, Figure 3.4.1 provides a complete characterization of the robustness-
efficiency trade-off for VAR confidence intervals. It plots the worst-case coverage probability
as a function of the ratio of standard errors for VAR and LP, given significance level a = 10%
and different values of M. The shaded area depicts an empirically relevant range of standard
error ratios obtained in four empirical applications from Ramey (2016).® We see that, even for
M =1 (corresponding to a noise-to-signal ratio of 1/7"), the worst-case coverage probability
is below 48% whenever the asymptotic standard deviation of the VAR estimator is less than
half that of LP—a value that is typical in applied work. Further, at the bottom end of the
empirically relevant range, the worst-case coverage probability is essentially zero as soon as
M > 1. It is only at the very right side of the figure—when the VAR includes enough lags to
remove nearly all bias, thus increasing the standard error almost to that of LP—that the
VAR confidence interval has coverage close to the nominal level.

The potential for VAR undercoverage documented here may not be so concerning if the
worst-case misspecification can be ruled out on economic theory grounds, or if it is easily

detectable statistically. We now argue that neither appears to be the case.

8We replicate Ramey’s identification schemes for monetary, tax, government spending, and technology
shocks. The shaded area shows the 10th to 90th percentiles of standard error ratios at horizons exceeding 1
year. See the online replication materials for details.
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Figure 3.4.1: Worst-case asymptotic coverage probability of the conventional 90% VAR confidence interval.
Horizontal axis: relative asymptotic standard deviation of VAR vs. LP. Different lines: different bounds M
on ||a(L)||. Shaded area: empirical 10th—90th percentile range of relative standard errors based on Ramey
(2016), see the online replication materials for details. The solid horizontal line marks the nominal coverage
probability 1 — a = 90%.
Economic theory. The shape and magnitude of the least favorable misspecification is
difficult to rule out generally based on economic theory. The least favorable MA polynomial
af(Lyh, M) = 332, oz}; h, y LY for VAR coverage is the same as the least favorable one for
bias (i.e., the (L) that achieves the maximum in Proposition 3.4.1). Since aBias(d,) is
linear in «(L), the least favorable choice given the constraint ||a(L)|| < M follows from the
Cauchy-Schwarz inequality (see the proof of Proposition C.3.2 in Appendix C.3):

af o o< DYPH'U, STTATTHDY? — 1(¢ < h)o ' DYV2H! (A ey e (>1, (3.4.1)

j*7m7

where the constant of proportionality (which does not depend on the lag ¢) is chosen so that
|af(L; h, M)|| = M. Note that the shape of the least favorable MA polynomial depends on
the particular horizon h of interest but not on M; i.e., the bound M?/T on the noise-to-signal
ratio only scales the polynomial up or down.

We note two main properties of the least favorable misspecification. First, the magnitude

of the MA coefficients a};’m  decays exponentially as ¢ — oco. In other words, not only is
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the overall magnitude of the least favorable model misspecification small (as imposed in
the noise-to-signal bound), the MA coefficients at long lags are in fact particularly small.
Second, numerical examples shown in Section C.1.1 suggest that the MA coefficients tend to
be largest in magnitude at horizon h, displaying either a hump-shaped pattern as a function
of /——consistent with economic theories of adjustment costs or learning—or a single zig-zag
pattern—consistent with theories of overshooting or lumpy adjustment. We thus view MA

dynamics of the worst-case form as empirically and theoretically relevant.’

Statistical tests. The least favorable misspecification is also difficult to detect statistically.
Propositions 3.3.3 and 3.4.1 imply that, for a(L) = af(L; h, M), the asymptotic rejection
probability of the Hausman test of correct VAR specification equals 7(M; 21_q/2). When M =1
(corresponding to a noise-to-signal ratio of 1/T"), the odds of the Hausman test failing to reject
the misspecification are nearly 3-to-1 at significance level a = 10%, since r(1; zp.95) = 26%.
At significance level a = 5%, the odds are nearly 5-to-1, since 7(1; zg.975) = 17%. Standard ex
post model misspecification tests are thus unlikely to indicate a problem even if the potential
for undercoverage is severe.

Rather than committing a priori to a parameter space for (L) through choice of M, we
can also ask a different question: across all possible types and magnitudes of misspecification,
what is the worst-case probability that the conventional VAR confidence interval fails to

cover the true impulse response, yet we fail to reject correct specification of the VAR model?

Corollary 3.4.4. Impose Assumption 3.2.1, ¢ = 1/2, and aVar(B,) > aVar(d,) > 0.
Consider the joint event Ar that Oy 1 ¢ CI(gh) and the Hausman test in Proposition 3.3.3

fails to reject misspecification. Then

sup lim P(Ar) =sup r(b; 21-a/2) {1 —r ( — b — ;Zla/z) } :
o(L) T b>0 VaVar(3,)/ aVar(d,) — 1

9However, the least favorable MA polynomial derived above need not be of interest to researchers who
trust that some equations in their SVAR specification are exactly correctly specified, as this imposes the
additional restrictions that some linear combinations of the rows of the MA polynomial «(L) equal zero.
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Figure 3.4.2: Worst-case asymptotic probability of the joint event that the conventional VAR confidence
interval fails to cover the true impulse response and yet the Hausman test fails to reject misspecification.
Horizontal axis: relative asymptotic standard deviation of VAR vs. LP. The dotted horizontal line marks the
nominal significance level a = 10%.

where the supremum on the left-hand side is taken over all absolutely summable lag polynomials

a(Ll).
Proof. See Section C.2.6. O

Figure 3.4.2 plots this worst-case probability for a significance level of a = 10%, which by
Corollary 3.4.4 depends only on the ratio aVar(d,)/aVar(53,). Under correct specification, the
probability of the joint event is equal to a(1—a) (= 9% when a = 10%). With misspecification,
the joint probability instead exceeds 46% when the asymptotic standard deviation of the
VAR estimator is less than half that of the LP estimator. As aVar(,)/aVar(8,) — 0, the
worst-case joint probability approaches 1 —a. We thus again see that statistical tests may

fail to warn against the potential for severe VAR coverage distortions.

3.4.3 Bias-aware inference

Rather than removing bias by increasing the lag length (thus ensuring equivalence with LP),
an alternative way to fix the undercoverage of the conventional VAR confidence interval is to

adjust the critical value upward to compensate for the bias, as suggested in a general setting
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by Armstrong and Kolesar (2021). Suppose again that we restrict the misspecification (L)

to satisfy ||a(L)|| < M. Then we define the bias-aware VAR confidence interval

Y

CIB(S}L;M) =

o vy, (M M - 1) \/aVar(Sh)/T

aVar(dy)

where the bias-aware critical value cvy_,(b) is given by the number such that r(b; cvi_, (b)) = a,
and r(-,-) is defined in Corollary 3.3.1. By construction, this bias-aware confidence interval

has correct (but potentially conservative) asymptotic coverage.

Corollary 3.4.5. Impose Assumption 3.2.1, ( =1/2, and aVar(Sh) > 0. Then

inf lim P60, € CI S;M =1-—a.
o B g A, POnr € Cla(0n; M)

Proof. The result follows immediately from Propositions 3.3.2 and 3.4.1. [

It turns out, however, that a very tight bound M on the signal-to-noise ratio is required
for the bias-aware VAR interval to be shorter than the LP interval. Figure 3.4.3 plots the
relative interval length as a function of the relative asymptotic standard deviation of VAR
and LP, for a significance level of a = 10% and for different misspecification bounds M. The
figure shows that M has to be quite small—apparently below 1—for the bias-aware VAR
length to dominate the LP length regardless of the DGP and horizon. Even for M = 1.5,
bias-aware VAR is at best only moderately shorter than LP. Finally, for values of M above 2
(corresponding to a noise-to-signal ratio above 4/7T"), bias-aware VAR is dominated by LP.

In Section C.1.2 we furthermore show that the conventional LP confidence interval is at
worst slightly wider than a more efficient bias-aware confidence interval centered at the model
averaging estimator éh(w) = whh + (1-— w)Sh, introduced in Corollary 3.4.2 above. Even if
the weight w is chosen to optimize confidence interval length, the gains relative to the LP

interval are very small when M > 2 (corresponding to a noise-to-signal ratio above 4/T").
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Figure 3.4.3: Relative length of bias-aware VAR confidence interval vs. conventional LP interval. Significance
level @ = 10%. Horizontal axis: relative asymptotic standard deviation of VAR vs. LP. Different lines:
different bounds M on ||a(L)||. The solid horizontal line marks the value 1.

We thus conclude that, while bias-aware VAR inference is possible in theory, in practice

the gains relative to the simpler LP interval are small at best, unless we put an extremely

tight bound on the noise-to-signal ratio.

3.4.4 Inference on multiple impulse responses

Since the least favorable MA polynomial derived in Section 3.4.2 depends on the horizon h of
interest, one might hope that VARs would not be as prone to bias and thereby undercoverage
if interest centers on multiple impulse responses. Unfortunately, Appendix C.3.4 shows that
this is not the case. There we consider inference on a vector of impulse responses for any
combination of response variables i, shocks j, and horizons h. Generalizing Proposition 3.4.1,
we show that the worst-case norm of the bias is non-negligible if the VAR offers efficiency
gains for any linear combination of the parameters of interest. This implies that the
conventional VAR confidence interval has fragile coverage even if the target parameter is a
linear combination of impulse responses (such as the integral or sum across multiple horizons,
as in the fiscal multiplier applications reviewed in Ramey, 2016). The conventional Wald

confidence ellipsoid centered at the VAR estimator is similarly fragile.
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3.5 Practical relevance

This section establishes the practical relevance of our theoretical conclusions by compre-
hensively reviewing current practice for lag length selection in the applied VAR literature,

coupled with a simulation study calibrated to the application in Kanzig (2021).

3.5.1 Review of current practice for VAR lag length selection

To evaluate lag length selection practice in the applied VAR literature, we created a compre-
hensive list of articles published between January 2015 and June 2025 in six top economics
journals: American Economic Review, American Economic Journal: Macroeconomics, Econo-
metrica, Journal of Political Economy, Quarterly Journal of Economics, and Review of
Economic Studies. We restrict attention to papers that use VARs on time series data (not
panel data) to estimate structural impulse response functions. This yields 81 papers total.
For each paper, we picked a single specification as the “main” one.'® To be conservative, if
multiple specifications received equal attention in the main analysis, we picked the one with
the largest lag length. The full list of papers, together with the recorded information about
the VAR specifications, is provided in the online replication materials.

Our findings suggest that the theoretical results of the preceding sections are likely to
have bite in practice, as typical VAR estimation lag lengths in applied papers are short or
moderate. The modal lag length is 4 in quarterly data and 12 in monthly data, the mean
is slightly below the mode, and less than 10% of papers employ lag lengths greater than or
equal to twice the modal values.!' 20% of papers select the lag length in a data-dependent
way, often using information criteria. On average across papers, the estimation lag length is
only 28% as large as the longest reported impulse horizon. We conclude that few applied
papers follow the recommendation of Kilian and Liitkepohl (2017, pp. 58-66) to use long lag

lengths and avoid information criteria. This suggests that VAR inference results reported in

10Tp a few cases, the main use of VARs in a paper was only reported in the appendix.
11 Additionally, all the various empirical VAR specifications reported in the handbook chapters of Ramey
(2016) and Stock and Watson (2016) are consistent with these patterns.
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much of the applied literature could be subject to the fragility we highlighted in the preceding
sections. In fact, since around 40% of papers employ Bayesian shrinkage, the estimation bias

could be even larger than indicated by the lag length alone.

3.5.2 Empirically calibrated simulation study

We now show through simulations that our asymptotic results are informative about the
performance of LPs and VARs in an empirically relevant finite-sample setting when the lag
length is selected as in current applied practice. Our DGP is calibrated to the oil news shock

application in Kénzig (2021).

Set-up. The DGP is a VAR estimated on the dataset of Kénzig (2021), using a somewhat
longer lag length than that used in the paper. The data series are that paper’s oil shock
proxy, the real price of oil, world oil production, world oil inventories, world industrial
production, U.S. industrial production, and the U.S. consumer price index (CPI). Whereas
Kéanzig employs 12 lags, we estimate a recursively identified VAR(18) by OLS on his data
and use this as the simulation DGP, with i.i.d. Gaussian shocks. We do not claim that
the VAR(18) DGP is more “realistic” than a VAR(12) estimated on the same data, but we
contend that it is desirable that confidence intervals should have reliable coverage in both
these DGPs.

The parameters of interest are the impulse responses of CPI to the observed oil shock.
To be consistent with our theory, we use an “internal instruments” specification that orders
the proxy first in the VAR; this differs from the “external instruments” specification used
by Kénzig. The sample size is T = 720 months. We will entertain different choices of
the estimation lag length p for the LP and VAR estimators. We report results for both
delta method and bootstrap confidence intervals. Results are based on 10,000 Monte Carlo

simulations. See Appendix C.4 for implementation details.
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Results. Figure 3.5.1 shows that our theoretical results on LP robustness and VAR fragility
are practically relevant. The figure depicts the coverage probabilities (left panel) and median
confidence interval length (right panel) for VARs (in red, solid and dashed) and LPs (in
blue, solid and dashed). The top panel fixes the estimation lag length at p = 12, while the
bottom panel selects the lag length by AIC. Both these choices are frequently encountered
in the applied literature, as documented earlier. Given these conventional lag lengths, VAR
confidence intervals tend to be shorter than LP intervals, but quite materially undercover,
with coverage falling below 60% at medium and long horizons. LP instead attains close to
the nominal coverage level of 90% throughout, as expected. The mean lag length selected by
AIC is 9.7, evidently insufficient to guard against dynamic misspecification.

Appendix C.4 illustrates that the VAR under-coverage can be ameliorated by increasing
the lag length beyond what is typically used in current applied practice, at the expense of
higher variance, consistent with Section 3.3.3. The supplement also reports that the VAR
estimator achieves lower MSE than LP, suggesting that—despite the poor performance of
the VAR confidence interval-—the larger bias of the VAR estimator may not compromise its
usefulness as a point estimator (see also Li et al., 2024).

Montiel Olea et al. (2025) find that the qualitative conclusions above extend to a wide
range of empirically calibrated simulation DGPs based on richly specified dynamic factor
models: VAR confidence intervals fail to adequately control coverage in a sizable fraction of
DGPs, while LP confidence intervals robustly maintain accurate coverage. They document
that LP is not only more robust to lag length selection, but also to the choice of control

variables, consistent with the theory in this paper.

3.6 Conclusion

Our theoretical results suggest the following practical take-aways:
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Figure 3.5.1: Coverage probability (left) and median length (right) for VAR (red) and LP (blue) nominal
90% confidence intervals computed via the delta method or bootstrap (the latter are indicated with subscript
“b” in the legends). Lag length: fixed at p = 12 in the top panel, and selected using AIC in the bottom panel.
1. When the goal is to construct confidence intervals for impulse responses that have accu-
rate coverage in a wide range of empirically relevant DGPs—as opposed to minimizing

MSE—then the smaller bias of LPs documented in simulations by Li et al. (2024) is

more valuable than the smaller variance enjoyed by VAR estimators.

2. Researchers who use LP should control for those lags of the data that are strong
predictors of the outcome or impulse variables. This is important not only when the
shock is recursively identified, but even if the researcher directly observes a near-perfect
proxy for the shock of interest. However, unlike for VAR inference, it is not necessary to

get the lag length or set of control variables exactly right to achieve correct coverage. To
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select the number of lags to control for in the LP, we recommend running an auxiliary
VAR in all variables used in the analysis and selecting the lag length to minimize the
AIC; the auxiliary VAR is only used as a device to select the lag length and is otherwise
discarded.

3. With the moderate lag lengths typical in current applied practice, VAR confidence
intervals will only have accurate coverage at short horizons, and only because they are
approximately equivalent with LP intervals at these horizons. If, at some horizons of
interest, an estimated VAR yields confidence intervals that are substantially narrower
than the corresponding LP intervals, we recommend increasing the VAR lag length until
that is no longer the case, to guarantee robust confidence interval coverage. Conventional

tests of correct VAR specification do not suffice to guard against coverage distortions.

Is there a way forward for VAR inference, beyond just including a large number of lags?
We showed how to construct a VAR confidence interval with a bias-aware critical value that
robustly controls coverage, but found that it will typically lead to wider confidence intervals
than LP. Another option would be to estimate VARMA models rather than pure VARs,
though this would be computationally expensive, and the bias-variance trade-off relative to
LPs is unclear. In principle, VAR procedures may work better under additional restrictions on
the misspecification, such as shape restrictions on the impulse response functions.!? However,
it appears that detailed application-specific restrictions would be required to generate a
negligible worst-case bias, since we have shown that the least favorable misspecification in
our baseline analysis cannot generally be ruled out based on economic theory. Rather than
restricting the parameter space, future research could instead investigate weakening the
coverage requirement, e.g., only requiring a certain coverage probability on average over a set
of horizons (Armstrong et al., 2022), or by changing the target for inference from the true

impulse response function to a smooth projection of this function (Genovese and Wasserman,

12Given any convex parameter space for the misspecification MA polynomial a(L), the worst-case bias of
the VAR estimator (see Proposition 3.3.2) can be computed using convex programming.
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2008). Finally, a subjectivist Bayesian VAR modeler need only worry about our negative
results if their prior on potential misspecification attaches significant weight to MA processes

that imply large VAR biases.
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Appendix A

Appendix to Chapter 1

A.1 Theoretical results

Section A.1.1 contains matrix results used in subsequent proofs. Section A.1.2 contains the
assumptions and results for the test of multivariate heterogeneity. Section A.1.3 contains

results on semiparametric efficiency.

A.1.1 Matrix results

For this subsection, let ¥ be a positive definite matrix where G’X!'G is invertible and
M=1-G(G'E'G)"'G'E"!. Similarly, suppose W is positive semidefinite, G'WG is

invertible, and let Myw =1 — G(G'WG) 'G'W. Let T be the generalized matrix inverse.
Proposition A.1.1. My (MwEMw' )M is invariant to the choice of W.

Proof. Begin by showing col(M) = col(G). From the rank-nullity theorem, it suffices to show
that null(M’) = null(G’). Define projection matrix Py = G(G'WG) ™ 'G'W and consider

x such that Pyyx = 0. Since G'WG is invertible,
WG(G'WG) 'G'x=0 = G'x=0.
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Now consider x such that G'x = 0. Then P{yx = 0. Hence, null(Mw') = null(G’) and
col(Mw) = col(G).
Since col(Mwy) is invariant to the choice of weight matrix, Theorem 4.8 of Rao and Mitra

(1972) implies Miy(Mw XMy )My is invariant to W. O
Lemma A.1.1. X7 'M is a reflexive g-inverse of MEXM'.

Proof. MY =X - G(G'Z7'G)"!G' = MXM'. Then, from idempotency of M, the g-inverse

and reflexive properties hold

(MEM)E'M(MEZM/) = MS

(M) (MEM)(E7'M) = (S7'M).

Proposition A.1.2. For duplication matriz D, let H and A be matrices such that
1
X ~ N(—51\/IWHD'Dvech(A)7 MwXMw')

Then, D'D(MwH) (MwXMw' )X is identical in distribution to D'DH'S7!X ~
N(—3Qvec(A), Q) where Q@ = (D'D)H'S"MH(D'D).

Proof. Let Qw = (D'D)(MwH)' (MwXMw')"(MwH)(D'D). Then
(D'D)(MwH) (MwEMw')'X ~ N(—1Qwvec(A), Qw).
Proposition A.1.1 implies Mw'(MwXMw')"Mw is invariant to the choice of W, so Qw
is also invariant to W.
Without loss of generality, set W = 371, Lemma A.1.1 shows that 371M is a reflexive
g-inverse of MwXMw’'. Then
(D'D)(MH)E"'X ~ N(—é(D’D)(MH)’E‘lMH(D’D)veCh(A), (D'D)(MH)E 'MH(D'D)).
(A.1.1)
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Also,

(D'D)H'E'X ~ N(— 2(D D)H'S""MH(D'D)vech(A), (D'D)H'E'MH(D'D)).
(A.1.2)

The distributions of Equations A.1.1 and A.1.2 are identical since ¥"'M = M'Y"'M. O

Lemma A.1.2. Let v € R™ and v = Ev for selection matrizr E = (e;,,...,e,_) for unit

vector e; and {ij}?il gives the indices for the non-zero elements of v. Then E'vV = v.

Proof. E¥ =EEv =[Y/" e;.€,]v=v. O

5

A.1.2 Framework and results for local parameter heterogeneity
Assumption A.1.1 (GMM conditions).
(i) WE[g(x,y°,0)] =0 only if 6 = 6*.
(i7) 0; € interior(®) for ® compact.
(iii) E[supgee llg(x,y°, 0)[] < o0
(iv) Elg(x,y" 6%)] = 0 and E[||g(x,y"; 0")|]°] < oo finite.
(v) Elsupgex || 558(x, ¥, 0)|] < 0o
(vi) G'WG non-singular.
(vii) Elsupgey |g(x,y" 0)[1°] < oo
(viii) Forr € {1,...,m}, Elsupgey || 555579+, ¥% 0)]|] < o0.
Assumption A.1.2 (Regularity conditions). Let N be a neighborhood of 6*.

i) For v € {1,...,m}, E[supgee [|28XE00 |1 4nd Elsupgee || ZE 001 gre
bounded.
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i) E[Ha_’_ai(;gr(xi,f(x,s;r);0*)||2] |r—g+ is bounded.

iii) Elsupgee || 528(xi, £(x,€57);0)|°] |r—o+ and Elsupgex |I578(xi, £(x,€;7);0)]'] [r-o-

are bounded.

) Elsupgey ”a?-/ (WX&T)>H | |r=g+ is bounded.

U) E[SUPOGN || 8?-’ <W>9T’(X7 yO’ 9)||2] |T:9* is bounded fO’f’ Ty e {17 s am}'
. 8 ,
vi) E[supgen |]89]0+j187_,g7«(x,f(x,8;7);0)||2] |r—g+ is bounded.
Proof of Lemma 1.3.1

Proof. Throughout, Assumption 1.3.3 allows for differentiability of the moment function
and generating model. Let the r’th moment condition be g,.(x,y;@). Then, consider the

moment’s Taylor expansion about 6*:

\/_Zgr Xsz,e* \/_Zgr XZ? Xzaaz,e*) 0*)

+ 880/ |:gT'(Xi7 f(Xz, [Sr 0*), 0*>:| UZ»Sn_l/4
1, o
Ul

+ s 55

A

Using Assumption 1.3.3, the second order term follows from a second order mean value

theorem expansion where 6 is on the line segment connecting * and 6* 4+ Usn~/4.

Note that

% Z}( i [gr(xi,f(xi,ei;r);O*)}Ui E[s'U; 5 a; - |90 (i, £, £70):09) | Uss]) |5,
21”?:;( 5 {gr(xi’f(xi’ei;T);e*)}U Bl U;aaaz 7 [gr(xuf(Xi,Ei;T);B*)]UisD
+ (E[ ,U;O or! {gr(x“f(xivei?f);e*)] Uss| —E[s /Uéa 0; [gr(xiaf(xi7€i§‘l'0);0*)] Uis})|r:5,~r():9*

Lo.
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The first parenthetical term of the above display is 0,(1) from Chebyshev’s inequality,
Condition (ii) of Assumption A.1.1, and Condition ii) of Assumption A.1.2. Then, the above

display can be written as

\/_Zgr Xzaymg* =

3\3

Z Xw X27€l70*)70*)

DO | —

2
+ -E [S/U{ 0 {gT(xi,f(xi,si;T);B*)}Uish.:g*] + 0,(1).

"OToT!

The second term of the above display simplifies to

2 2 . = OF
;E [ U’ 0 {gr(xiaf(xiasi;"-);0*>]Uis|‘r:6*] = —;trace(E{a gr(xi, £(xi, €:; 0 ))]A>

‘oroT! 0000’
- 1 a2gr<X17f(X17€U0*)) '
= —pvec (E{ 2000' D vec(A)

The first equality follows from the cyclicality of the trace operator, independence of u;
from (x},e})’, and applying Lemma A.1.3. The desired result follows from stacking moment
function g¢,(Z;, 0*) and applying Lemma A.1.2.

O

Lemma A.1.3. Impose Parts i) and ii) of Assumption 1.3.3, Assumption A.1.1, and
Assumption A.1.2. Then,

. [Ogr (xi,y%:0%) O (x5,£1:0%) | _ Agr(xi,y2;0%)
i) E Dy’ 00 =-E 90 :

I /
1 _o2 ) O* _ 2 gr (x4,y2;6%) Of (x;,€::0%) | 92gr(x:,y%:0%)
ZZ) E 910+ Gr (Xi7 f(Xl7 €, T)7 0 ):l |T=9* — _{E |:8989’ +]E 50’ Dy o0’ +
= ’ ;
E | 2f(xisei:07) %gr (x4,y;0%)
00’ 0y0d0’ :

Proof. For the result in the first display, consider the moment condition E[g, (x;, f(x;, &;, 0%); 0%)] =

0. Computing the total derivative with respect to 8 and evaluating at 8 = 8*, Condition i)
of Assumption A.1.2, Assumption 1.3.3, and the multivariate chain rule imply
09, (xi, ¥ 07) Of(xi, €:6%)  Dg,(xi,¥/36")
ay’ 00’ 00’
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Analogously, the expected second order total derivative with respect to 0 is where

Of (x;,€i;0%)\' 029, (x5, y); 0%) Of (x;,€:50%) 029, (x;,¥Y; 0%) Of (xi, €13 0%)
OPXP = E[( 80/ )

Oy0oy’ 00’ 000y’ 00’
N ZT: Ogr(xi, 7 6") O*fr(xi,€:6%) | O%gr(xi, ¥7;6") (8f(X¢,€i; 9*)>/32gr(xz-,y?;9*)}
P Oyt 0000’ 00006’ 00’ dyoo’
Rearranging gives the desired result. O]

Proposition A.1.3. Impose Assumptions 1.3.1, 1.3.3, A.1.1, and A.1.2. Then TN

Proof. Let go(0) = Elg(x,y%,0)] and Qo(0) = —go(0)Wgy(0). Throughout, Assumption
1.3.3 allows for differentiability of the moment function and generating model.
From the mean-value theorem, there exists @ on the line segment between 6* and

6* + U,;sn~'/* such that

1 n
sup||— x,y:0) —Elg(x,y% 6
eeglln;g( y;0) —Elg(x,y"% 0)]]

[N 0 9 -1
= sup |- > 10 f(xi,ei;7);0)Ussn /! — E[g(x,y"; 0 5
328”n g(x,y";0) + 8T,g(x, (xi,€4;7);0)Uisn g0y 0l .5

i=1

1 n
< - ’ 0;0 —E ) 0;9
< sup ||n ;g(x y";0) — E[g(x,y"; 0)]]

0
g(x, f(x;,e:;71); 0)Uisn_1/4] I

1&- 0 ~1/4
+21618||g§%g(X,f(Xu&;T);e)Uisn / —E[@

0
g(x, f(x;,e;T); H)Uisn_l/ﬂ

E
a1l

I -

The first term of the above display is 0,(1) from Condition of (iii) of Assumption A.1.1. The
second and third terms of the above display are 0,(1) from Chebyshev’s inequality, Condition
(ii) of Assumption A.1.1, and Condition iii) of Assumption A.1.2. Hence the above display is
0p(1).

Since © is compact, the desired result follows from applying the arguments of Theorem

2.6 of Newey and McFadden (1994) with gy(@) defined in the beginning of this proof.
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Proof of Proposition 1.3.1

Proof. Let G(8) = Ly g(x4,y:;0). Throughout, Assumption 1.3.3 allows for differentia-

bility of the moment function and generating model.
From the mean value theorem and the first order condition (applying Conditions (vi),

(ii)of Assumption A.1.1 and Assumption 1.3.3), there exists 8 between 6* and 6 such that

o~ o~

Vil = 0") = ~[G(O) WE(B)] "GO}V 3 alx.y.. ).

Consider the r’th moment function. From a mean value theorem expansion, there exists

6 on the line segment between 6* and 0* + U;sn~'/* such that

oup Hflz Z: 8gr(xébyi; 0) E[ﬁgr(%,g“; 0)]H _

S ”711 Z”; 8%@;;937?; ) E[ﬁgr(ggo; 9)]”
s (BT O g (I O
+sup Bl (IO TR O g g g

The first term after the inequality is 0,(1) from Condition (v) of Assumption A.1.1. The
second and third terms after the inequality are o,(1) from Condition iv) of Assumption

A.1.2, Chebyshev’s inequality, and Condition (ii) of Assumption A.1.1. Then G(0) & G and
G) 5 G.
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The desired result follows from combining with Lemma 1.3.1 and applying Lemma A.1.2

in the final line,

Vn(6 — ") = —(GWG)'G’ W\/_Zg (%i,¥:,0") + 0,(1)

= —(G'WG)'G'WY= {Zg x;, £(x;, €5 0"))

=1

1
+ §(G’WG)*1G’WH(D’D)E’>\ + 0,(1).

Proof of Proposition 1.3.2

Proof. Throughout, Assumption 1.3.3 allows for differentiability of the moment function and
generating model. A mean value theorem expansion about ] implies there exists 6 on the

line segment between 6* and 6 such that

n & ~ . 0 ~ .
\{L_Zg<xi7Yz7 - \/_Zg XzaYue ) 8 , (XzayzaT)(eo_e ) |7-:§
=1

({;znj g (x;, £(x1, €1: 7). 0*)) - ;MH(D D)EA.

The second line follows from Proposition 1.3.1. 1| 22 g(x;,y:; 7) = G from Condition iv)
of Assumption A.1.2, Chebyshev’s inequality, and Condition (ii) of Assumption A.1.1. [
Lemma A.1.4. Impose Assumptions 1.3.1, 1.3.3, A.1.1, and A.1.2. Then,

i) HS H.

i) 25 %

Proof. Proposition A.1.3 implies 0L 0, so it suffices to show uniform convergence over
a neighborhood N of 8*. Throughout, Assumption 1.3.3 allows for differentiability of the

moment function and generating model.
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For i), let j,7/ € {1,...,p}. A mean value theorem decomposition implies

13 02 o2
=3 g%y 0) — Bl g, (%, 3" 0
sup || 2 50,96, (i, y:36) — Elgg g9, 06y 0)l]
<su !\12n: : (xi,¥7;0) — E i (x, 5% 0)]]|
. r\Xiy Y55 - r{X, ;
+ su ||1§nj763 (x;, F(xi, €, 7): 0)Ussn™ V4| |~
oon |1 2= 99,00, 0 X X € THEILSH T g

The first line after the inequality is 0,(1) from Condition (viii) of Assumption A.1.1. The

second term after the inequality is 0,(1) from Condition vi) of Assumption A.1.2, Chebyshev’s

inequality, and Condition (ii) of Assumption A.1.1.

For ii), a mean value theorem decomposition implies

1 n
sup [ > g(xi,yi 0)8(x:,y:;0) — E[g(x,y’; 0)g(x,y% 0)]]
=1

1
< sup I > g(xi, ¥y 0)8(x:,y7;0) — E[g(x,y°; 0)g(x,y°;0)]]|
=1
18/ 0 AV
Fanp 3 (B0 70 Uisn ™) (5

!/
(. E(xi, e 7): O)Ussn /1) |

1 0
+ 2sup ||— X;, 0;0(
eeg\ln;g( y’; 6)

/
8T’g(Xi’f(Xiv€i§7'); 9)Uisn1/4> |

The first term after the inequality is 0,(1) from Condition (vii) of Assumption A.1.1. The
second term after the inequality is o0,(1) from Chebyshev’s inequality, Condition (ii) of
Assumption A.1.1, and Condition iii) of Assumption A.1.2. Analogously, the third term after

the inequality is 0,(1) from Chebyshev’s inequality, Condition (ii) of Assumption A.1.1, and
Conditions iv) and v) of Assumption A.1.2.
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A.1.3 Semiparametric

Assumption A.1.3 (Smoothness, semiparametric). For all @ € ©, p,,(x,y;0) is two times

continuously differentiable in 0 with probability 1.
Assumption A.1.4 (Dominance).

i) For any x,y in the support, %{pwy,t(x, y; 0:+Uoy)pu(u)} is dominated by an integrable

function.

it) For all 8 € ©, %g(x,y; 0)p.y(x,y;0) is dominated by an integrable function.

iii) For all 8 € O, % g(x,y; 0)p(x,y;0)| is dominated by an integrable function.

iv) For all @ € ©, g,.(x,y; 0*)%;0,]9()(,% 0) is dominated by an integrable function.

Definition A.1.1. Let p be an arbitrary measure relative to which Pa, o, vech(C)pay.t.put

and Po« o+ vech(C),pay,pa POSSESS AENSILIES Po, oy vech(C)pay.tpus VTV DO* o vech(C) pay,pu TESPECTIVELY.

Suppose the map t — P, o, vech(C) from a non-negative neighborhood of 0 € [0, 00) to

sPxy,t Pu,t

P satisfies

2

ot,vec 2yt Pu,t * o*,vec Py ,Pu 1 .
/ [\/pet, +ech(C) poy e, ,tt /Do B(C)pey e §(a/£+77)\/% di 50,

0 *
, 36Pay(X,y; 60
for £(x,y) = m o7 , ) ,a = (c;XN), and measurable
sE(D'D)vech( 505502y (X, ¥; 6%))

function n(x,y) = 0logp,(x,y;0%)/0t. Then the parametric submodel Py, &, vech(C)poy..pus 15

differentiable in quadratic mean att = 0.

Proof of Lemma 1.4.1
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Proof. Compute the one-sided partial derivative of log ¢;(x,y) about t =0 as ¢ | 0.

0 1 o+
87; log qt(Xa y) |t:0 — m wpxyﬂf()(’ y, Ot + Uo’t)cpuﬂf(u)du
! o —1/2
T oatny) ) agPev (0¥ 0t Vo Ust™ Fpuy(wdu + 1 feso
1 0 1 0p (x,y:0%)\
— /I - . 0* - Ty .Y, > A
¢ pacy(x, Y 0*) aep y(X7Ya ) + 2V6C< 0000’ VeC( ) + n
/ 1 0 % 1 ; , (@Zny()g y: 0*>)
=C———— = Pry(X,y; 0 —vech(A) (D'D h _
¢ Pay(X, y: 0%) 00" y(X,y;607) + 5 Vec (A)'( )vec 5000 o

The first equality follows from Condition i) of Assumption A.1.4. The second equality follows
from applying L’Hopital’s rule to the second term. Note that the score of the density of u is
zero since [ %pw(u)du = 0.

]

Lemma A.1.5. Impose Assumptions A.1.4 and suppose Py, o, vech(C) is differentiable

sPxy,t ,Pu,t

in quadratic mean att = 0. The nuisance tangent space P consists of all measurable mean-zero

random functions n(x,y) with finite variance such that
Ot = // g(x,y: 0")n(X, y)pay(x, y; 67)dxdy.
Proof. Let @ = 6*. The moment condition implies that p,,(x,y) is subject to the restriction
0pnx1 = // 8(X,¥; 0")pay(x,y; 07)dxdy.

From Condition ii) of Assumption A.1.4, the partial derivative of the above display with
respect to ¢ implies that the score function for the nuisance parameter p,, (noted as n(x,y))

must satisfy
Opx1 = // g(X,y; 0" )n(X,y)pay(x,y; 07 )dxdy.
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Therefore any member of the nuisance tangent space is necessarily a member of the conjectured
tangent space.
Now instead suppose function 7(x,y) is a bounded element of the conjectured tangent

space. Consider a parametric submodel with density

Payt(X,y:07) = (1 + tn(X,y))pay (%, y; 07)

for ¢ sufficiently small so that (1 + tn(x,y)) is non-negative. The density is proper since

n(x,y) is mean zero. The density is compatible with the moment restrictions since

// g(X,¥; 0" )puy (X, y; 0" )dxdy = t//g(x,y; 0" )N(X,Y) Dy (X, y; 07)dxdy = 0y,x1.

Moreover, the score vector for this parametric submodel is %pxy,t(x, y;0%) |i—o=n(x,y).
Thus n(x,y) is a member of the nuisance tangent space, and the result follows since any

element of the Hilbert space can be approximated by a sequence of bounded functions.

]

Lemma A.1.6. Impose Assumptions A.1.4 and A.1.1. Suppose Py, o, vech(C)puy.spus 5 dif-
ferentiable in quadratic mean at t = 0. The orthogonal complement of the nuisance tangent

space s
Pt = {A € R™™: Ag(x,y; 0*)} :
For any h € H for Hilbert space K, the projection onto P satisfies

h —II(h|P) = (A.1.3)

1

/ hg(x,y;0%) pey(x,y; 9*)dxdy[//g(x,y; 0°)g(x,y;0") puy(x,y; 0" )dxdy| g(x,y;6").

(A.1.4)
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Proof. Take element 7(x,y) € P and element Ag(x,y;0*) for matrix A. Then,

/ Ag(x,y; 0" )n(X,y)pay(x,y; 0)dxdy = A// g(X,y; 0 )N(X,y)pay(x,y; 0" )dxdy = 0

so the proposed space is orthogonal to P.

Next, let h be a measurable function that is mean zero and with finite variance. From
the Hilbert projection theorem, there exists A such that h — Ag(x,y;0%) € P. Equivalently,
J[fh — Ag(x,y; 0%)]g(x,y; 0") psy(x,y; 0")dxdy = 0. Condition (vii) of Assumption A.1.1
implies [[ g(x,y; 0%)g(x,y; 0") puy(x,y; 0)dxdy is invertible. Rearranging gives Equation
A.14.

O

Lemma A.1.7. Impose Assumptions 1.5.3, 1.8.4, A.1.4, A.1.1, and A.1.2. Suppose
P,y vech(C) pay.pue 15 differentiable in quadratic mean at t = 0. The efficient informa-
tion matriz for X is I = E(D'D)H'S"MH(D'D)E' /4. The efficient influence function for
A s

1~
P(x.y) = —5T ' B(D'D)H'S " Mg(x.y.6°).

Proof. Begin with computing [[ £(x, y)g(X,y) Pay(X, y; 8*)dxdy. The moment condition and

Condition iii) of Assumption A.1.4 implies

0 * * % ) oy (X, ,9*
Omxp = // wg(x, y; 0 )pxy(x, y; 0%)dxdy + // g(x,y; 0 )dedy
-G = [[sxy: o) e XY 0°) 1
00’
Condition iv) of Assumption A.1.4 implies
0? 2
dodo’ // 90(%,¥;0")pay (%, ¥; 0" + Uar)dxdydu | g—o= / 9-(x,y; 9*>W[ny(x,y;9*)}dxdy-
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Equation 1.3.1, Lemma A.1.3, and Condition ii) of Assumption A.1.2 implies that the

integral can equivalently be expressed as

i . 0* . 0" _ 0%, (x,y"; 0")
90do’ ///gr(x,f(x,s,f) + Uo); 0%)p,-(x, €)dedxdu |y—o= —// 5000 Pae (X, €)dxde.

Then, stacking moment conditions,

/ 2 . O*
—H(BD) = ;// g(x,y;t‘)”‘)lvech(a Pey(X, 30 )>(D/D)pxy(x,y)dxdy-

Pay(X,Y) 0000’
) -G’
Thus [ €(x,y)g(X,y; 0%) Dey (X, y; 0°)dxdy = :
—lE(D'D)H’

Next, verify the guess for the conjectured influence function for vech(A):

J[[ 93 @k, 3) + nix,3)pey (x,y: 0" dxdy

1~ .
= —ZI_IE(D’D)H’E_lM[// g(x,y;0")L(x,y) pry(x,y; 0%)dxdy |a

1~
= ZI‘lE(D’D)(MH)’E‘IH(D’D)E’)\ =

The final line uses MG = 0. The efficient information matrix and score function for A

immediately follow.

Proof of Theorem 1.4.1

Proof. These proofs closely follow and generalize the arguments of Chapter 25.6 of van der
Vaart (1998) to multivariate testing and are applicable to the score functions that arise in
my specific settings.

Let (¢/, X')’€ + 1 be an element of the tangent set. Then, the functional of interest is

V(P (o xyin) = E((C, N)E+n)] +ot) = tA + o(t)
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where the second equality follows from the form of the efficient influence function (see Lemma
A.1.7). The existence of the efficient influence function implies that the functional % is

differentiable at P relative to the tangent space. For what follows, I consider paths of the

form t = h//n.

1. Beginning with the first part of the theorem, I generalize Theorem 25.44 of van der Vaart
(1998) to multivariate testing and follow the argument closely. Fix h; and arbitrary

ch, N))' €+ ny. Assume that E[(c}, X,)'£+11)?] = 1 to ease notation.
1AL 15 A1

Define the orthonormal base G = ((c}, N{)€ + 11, ..., (cy, A,)'£ + ;)" of an arbitrary
finite-dimensional subspace of the tangent space. Note that the first element of the
orthonormal base is (¢}, X})'£ 4+ n,. Lemma 25.14 of van der Vaart (1998) implies that
for any (¢/, N')’€ +n € ling, P, (& xyity 18 locally asymptotically normal at ¢ = 0. Let

Sk=1 be the unit sphere of R*. In the sense of the convergence of experiments,

k
(P jmwg: b >0,b e S~ (Nm(hb,I): h>0,beS " S AL e G)-

=1

The last restriction restricts b so that b’§ lies within the tangent set. For score function
(¢, N}))€+mn, and h = hy, fix a subsequence for which

Hm sup,, o0 T ( Py n-1/2,(c) A yé4, ) 18 taken. For each (h,b), contiguity implies that
there exists another subsequence along which the functions m,(F,, m,b) converges
pointwise to a limit 7(h,b). Theorem 15.1 of van der Vaart (1998) implies that
the function m(h,b) is the power function of a test in the normal limit experiment
Zi. ~ N(E[$S]b, E[¢F|E[S9]). By choosing a sufficiently large base, the covariance
of the limit experiment is arbitrarily close to E[tp¢)']. Now choose (h,b) = (1,e;),

denoting m(A1) as the power function in the normal limit experiment

Z ~ N(A,4Q71) (A.1.5)

138



where E[p1p'] = 427! from Lemma A.1.7. 7(\;) is level-a since m, is level « in the
local experiment for each n. Now fix local parameter ¢ and 5 € P. Since 7*(X;r) is the
power function for the level-a test that maximizes a weighted average power criterion

with weight function w, ()
/ T A)w,(A)dA < / 7 (A ) (A)dA.

Since lmsup,,_, o (B i e xyity) < T(A), the desired result follows taking r — oco.

. For the second part of the theorem, define Z, = —QQ_ISn/\/ﬁ. Lemma
25.23 of van der Vaart (1998) implies T, is regular at P. Like Lemma 25.45
of van der Vaart (1998), by the efficiency of T, and differentiability of 4,
VT, converges under Py, m o nyiy, O N(X, E[4)']), which matches the limit
experiment.  Since Z.(Q/4)Z, — infy: vech—1(E/A)ee {Zn — )\T(Q/Zl) [Zn - )\} =
SLQ1S, — infy,veent e [sn + ;m}'ﬁ—l [Sn + ;m], the likelihood ratio test of

S,, matches the corresponding likelihood ratio test of the limit experiment.

Now, I will show that the likelihood ratio test is equivalent to a test that maximizes
weighted average power for distant alternatives. Observe that the multivariate Gaussian
shift experiment of Equation A.1.5 for arbitrary A can be rescaled and written as a
Gaussian linear regression model. The dependent variable is Z = %QI/ 27 independent

variable is 202'/%  coefficients A, and errors are standard normal

— 1
7 = 591/2/A +n, n-~ N(Op(pg-l) %1’ Ip(pg-l) ><10(1024—1) )

Since the alternative hypothesis parameter space is positively homogeneous (that A € €
implies aA € € for positive scalar a), Theorem 1 of Andrews (1996) applies. A test
based on the weighted average power criterion for radius r > 0 is equivalent to finding

the best test that distinguishes between the following simple null and simple alternative
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hypotheses
Hy: f.(Z]0) versus H;: /fz(2|)\)wr()\)d)\.

Let LR, be the corresponding likelihood ratio test statistic under a weighted average
power criterion with radius r. Then (up to normalization) Andrews (1996) shows that
the lim, o, LR, is equivalent to the generalized likelihood ratio test statistic for Z (and
consequently for Z)
LR=Z717- inf  (Z—QY*X)(Z - QY¥N)
A:vech~1(E/A)eC
—Z(QMZ— it {z - A},(Q/ZL) {z - ,\}

X:vech~1(E/M\)ee

[]

Corollary A.1.1. Impose Assumptions 1.3.3, 1.3.4, A.1.4, A.1.1, and A.1.2. Suppose

Po, 04 vech(C) pay.e.pue 1S differentiable in quadratic mean at t =0 and that 0 is a scalar.

a) For every sequence of power functions P+ m,(P) of level-a tests of Equation 1.4.3 for

A >0,

A
limsup 7, (Py ,-1/2) <1 — @ (21—a — ) :

n—oo ]’,1

b) Suppose ¢ = 1 when the level o one-dimensional heterogeneity test rejects and 0

otherwise. Then,

lim ]P)A,n—l/Q(gbn = 1) =1—-¢ (Zl—a - A ) . (A16>

n—oo ffl
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Proof. Part (i) follows from applying Lemma 25.44 of van der Vaart (1998), noting that the
scalar limit experiment is z ~ N(A, I™). Part (i) follows from applying Theorem 1.4.1 to

the scalar case. O

A.2 Additional empirical results

A.2.1 Production function estimation
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Appendix B

Appendix to Chapter 2

B.1 Proofs

B.1.1 Proof of Theorem 2.3.1

I will begin by showing that the hypotheses of Theorem 3.1 of Pakes and Pollard (1989) are
satisfied by Assumption 2.3.1. Doing so gives consistency of a GMM estimator with moment
function g(r;, ¢) and the weight matrix taken to be the identity matrix. To do so, I proceed
by verifying the (more stringent) conditions of Newey and McFadden (1994) Theorem 2.6,
taking the weight matrix as the identity matrix. I close by showing that the constructed
weight matrix W((ﬁ) satisfies Lemma 3.4 of Pakes and Pollard (1989), implying consistency
of the RGIV estimator.

Below, I verify the conditions of Theorem 2.6 of Newey and McFadden (1994) for an

identity weight matrix I,(,—1)/2 (preserving the same numbering as the original reference):

i. Since the weight matrix W = L (n-1)/2 is taken to be the identity matrix, trivially

WL Iyn—1)/2- Lemma 2.3.1 shows E[g(r¢, )] = 0 if and only if ¢ = ¢y.
ii. Parameter space ® is compact from Assumption 2.3.1(iii).

iii. By inspection, g(r;, ¢) is continuous at each ¢ with probability 1.
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iv. Take ¢~5 € ®. Then, consider the element of g(ry, &) corresponding to the orthogonality
of shocks to units 7 and j. Then, Assumption 2.3.1(i) implies (ry — ;s ) (10 — d;751) =
[ + (¢ — @)Wt] [uje + (95 — ng)TSt] = [ug + (¢ — 5:)%][% + (¢; — sz)ffgs]-

Thus, the moment condition is quadratic in idiosyncratic shocks. Since E[||u;|?] < oo,

E[supyeq [|9(r, )] < oco.

Since the more stringent conditions of Newey and McFadden (1994) Theorem 2.6 are
satisfied, the conditions of Theorem 3.1 of Pakes and Pollard (1989) are also satisfied.

Since W (¢) is positive definite, it can be decomposed as W(¢) = A(¢) A(¢) where
fl((b) = \/W where /- represents the element-wise square root operator. Next, proceed
by verifying the conditions of Lemma 3.4 of Pakes and Pollard (1989) (preserving the same
numbering as the original reference). Conditions (i) and (ii) follow from the law of large

numbers, continuous mapping theorem, and 0 < ¢? < co. Hence, RGIV is consistent.

B.1.2 Proof of Theorem 2.3.2

I will first show that the hypotheses of Theorem 3.3 of Pakes and Pollard (1989) are satisfied
by Assumption 2.3.1. Doing so gives asymptotic normality of a GMM estimator with moment
function g(r;, ¢) and the weight matrix taken to be the identity matrix. I begin by verifying
the (more stringent) conditions of Newey and McFadden (1994) Theorem 3.4 where the weight
matrix is taken to be the identity matrix. Then, I close by showing that the estimator with
weight matrix W(qﬁ) satisfies Lemma 3.5 of Pakes and Pollard (1989), implying that the RGIV

estimator is asymptotically normal with asymptotic variance (G'WG) 'G'WEWG(G'WG)~L.
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S0,

Below, I verify the conditions of Newey and McFadden (1994) Theorem 3.4. Before doing
I pre-compute Vyg(ry, (;E) for p € ®

Mo —rs(rie — %ﬂ’St)
~ M3 —15e(T(ig1ye — Gir17st) ~
Vog(re, ¢) = M; = | On—it1)x(i-2) ( )_ —In—it1 - rse(rii-1)e — di—17st)
_Mn_ I —15t(Tnt — anT'St)

Al
2.3.

so, for more compact notation, let K = 37, S?0? where o? is given by Assumption

1(ii). Moreover, the hypotheses of Newey and McFadden (1994) Theorem 2.6 are satisfied

in Theorem 2.3.1. I check the hypotheses of Theorem 3.4 of Newey and McFadden (1994) for

identity weight matrix W= Iy(n-1)/2 (preserving the numbering of the original reference):

ii.

1ii.

iv.

. By Assumption 2.3.1(iii), ¢ € interior(®).

Inspecting the functional form of Vyg(r, &), g(r, &) is continuously differentiable in a

neighborhood N of ¢y with probability approaching 1.

E[g(r, ¢po)] = 0 is shown in Lemma 2.3.1. The square of the shock orthogonality condition
between countries ¢ and j is bounded E[uf,u?,]* < Efuf]E[u},] < co. Thus E[||g(r, ¢o)|’]

is finite.

Fixi€1,...,n and qz~5 € ®. Then

| = rse(rie — dirse)|| = || — rse (Uit + (i — in)TSt) | (Assumption 2.3.1(i))

oy Ust 2
< rseaiall + 116 = Gill - )l = 15— ool + 19 = dull (=) I

The above expression is quadratic in idiosyncratic shocks ;. From Assumption 2.3.1(ii),

E[u,uj] exists and Efsupgeq || — 75¢(rie — ggirgt)H] < 00, 50 Elsupyeq | Vag(r, @)[|] < oo.

To show G'G is full rank, it suffices to show that rank(G) = n. Recall G = E[V 4g(r, ¢0)].
Since E[—rgi(rie — ¢irse)] = Elrsiui] = —Ehsﬁﬂ = —IS_Z;S, G can be explicitly
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computed:

E(M>)
E(Ms3)

E(Mp)

On—it1)x(i—-2)

2
S;o;

2
Si410741

2
Snos

2
n—i+1 * Si—lo'i_l

To show G is full rank, consider the n x n submatrix G.y 1., formed by taking the first

n rows of G. Then, the determinant of G

row operations:

’
l:in,l:n

SQU% S30'32’ SnO'% 0
530'3
1 So032
det(Gllzn,l:n) =det | — e
1-¢s Si03l,—y 0
0
530'§
520'%
2
— (—1)" Vet | —— it 0
1—¢s
000 0 228,03 — 2%8;03
L 51027292 510203 3_
_ 1 n n—1 530'2 520'2 1
— (1)1~ [ _ 36 52 _ 252:2(
( ) ( 1— ¢S) [ 101] [ Slo_% 209 510'% 303] 1— ¢S

can be computed by applying elementary

)n(slo—f)”—“‘sgsgagag £0.

The determinant in line 2 is the product of the matrix’s diagonal elements because the

matrix is upper triangular. Since 1 — ¢g # 0, S; > 0, and 0? > 0, the determinant is

not zero. Hence, submatrix G

rank n = rank(G"., 1.,

! ) < rank(G) < min(

1
1n,1ln

n(n—1)
2

, ) = n.

is full rank, which immediately implies G is also full

Since the more stringent conditions of Newey and McFadden (1994) Theorem 3.4(i)-(v)

are satisfied, the conditions of Theorem 3.3 of Pakes and Pollard (1989) are also satis-
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fied. Continue to verifying the conditions of Lemma 3.5 of Pakes and Pollard (1989).
Recall from the proof of Theorem B.1.1 that the weight matrix can be decomposed as
-1

W(p) = A(¢p) A(¢p) where A(¢) = diag<\/% > g(rt,qb)"?) for element-wise square

root operator y/-. From the continuous mapping theorem and law of large numbers,

ﬁ(qﬁo) EaN diag(oy09,...,0100,0203,...,0,_10,) = A. Let {d,} be a sequence of positive
numbers that converges to zero. Then, sup|4_g,|<s, |A(¢) — A|| = 0,(1) from continuity
of the map from ¢ to A(¢p) at ¢ = . Hence, the RGIV estimator is asymptotically
normal with asymptotic variance (G'WG) 'G'WIWG(G'WG)™! for W = A(¢o)' A(¢o) =

- 2 2 2 2 2 2 2 2
diag(oio3,...,01{0.,0505,...,05_10%).

B.1.3 Proof of Proposition 2.3.1

Before computing the GIV estimand, E[(ug; — ug)ug], E[ziug), and E[(rs; — rg)rs] are

precomputed below:

El(us: — upi)up:) = ;Xn: = E{(Xn:(sz - E)Uit)* Zuzt} =

E[ZtUEt] = E[(TSt - TEt)UEt] = E[(¢S - ¢E)7‘StUEt + (USt - UEt)UEt]

_ —¢p 1
= (¢s — ¢p)E[rsiup] = ¢1S_ gZ;E]E[uStUEt} = ¢1S_ diE 502'
B B B (¢ps — dE)o? S, S? 7’ e 1
E[(rs: — mEe)rst] = (05 — ¢p)E [TSt] + Elrse(ust — upt)] = (1— ¢g)2 + 1— ¢g ZS' ]
.. . . E[ZH’ t} _ E[Zt(¢ rsetu t ) ¢
Combining, the GIV estimand is 5724 = Foa = Gp Tt ST S RS S

B.1.4 Proof of Lemma 2.3.1

I prove Lemma 2.3.1 under the weaker condition that the covariance of shocks ¢ and j
are known. The below proof will use Assumption 2.3.1 after replacing Condition (ii) with

Condition (ii’):
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Condition (ii’). For o? > 0, shocks u; are i.i.d. with moments E(u;) = 0, E(u?) = 07, and

E(|lw|*) < oo. Moreover, E(uyuj) = pi; for known p;.
Take ¢ € ®. The moment condition for the idiosyncratic shocks of units ¢ and j

pij = E[(rie — 261‘7“5%)(7“3% - 5;‘7’50] =E[((¢s — i)rse + wit) (5 — gj)“‘t +ujt)]
(Assumption 2.3.1(i))

= (¢ — $)Elrsiuse] + (65 — 65)Blrspui] + (@5 — 6:) (5 — 65 Elrg,] + pj. (B.1.1)
Rearranging, the above display implies

(ij - ng) (75t (1 — <51>]E[7”Stukt]

i — i = — d ép — dp = — - B.1.2
O  Brd + (05 - BEE] T T  Ersd + (61— GERE]
for k > 1. Substituting the above display into Equation B.1.1 and rearranging gives
_ (o - le)E[TStuit]I?[TStujt] {_2 n (91 — (51>E[7f5't] } ' (B.1.3)
Elrsiuid] + (61 — 61)E[rg,] Elrseu] + (o1 — ¢1)E[rE,]

Equation B.1.3 equals zero when either the first or second terms equal zero. Beginning
with the first case, the first multiplicative term equals zero when ggl = ¢1. Applying Equation
B.1.2, (E;C = ¢. Thus, the first case corresponds to the true solution & = ¢.

Focusing on the second case, the second multiplicative term of Equation B.1.3 equals

(m%)%;t]

zero when 0 = —2 + = . Rearranging terms and substituting into Equation
E[rsu1e]+(¢1—61)E[rg,]
B.1.2 implies ¢g = ¢1 — ¢ = — EE[SW“] and ¢ — oy = E[Ts’f“’“] for £ > 1. After taking

a size-weighted sum of quSk,, A Sigbi = ¢s+2(1 —¢s) = 1+ (1 — ¢s) > 1. The final
inequality follows from the ¢g < 1 condition from Assumption 2.3.1(i). In words, the second
multiplicative term of Equation B.1.3 equals zero for a value of ¢ that is outside of the

parameter space. Hence, the only solution to E[g(r;, )] = 0 is ¢ = ¢y
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B.1.5 Proof of Lemma 2.5.1

The size-weighted outcome variable can be written as idiosyncratic shocks and the common

factor rg; = ¢srss + Asfi + uss = [As ft + ust]. For true parameter values 6 = [¢', ']

1
1-9s
The below results will show that the system of equations given by the moment conditions
doesn’t admit a unique solution; it needn’t be true that 0=06.

For units i # j, the moment condition can be written as

XiS\j =E{[ri — QZiTSt] [t — ngTSt]} =E{[(¢i — Qgi)TSt + Aifr + i [(¢i — ng)TSt +Ajfe + th]}

e 2 [AS YR SEog? o As
= (¢z_¢z)(¢] _¢])[ 1— ¢g } +(¢z_¢z))‘1m
~ )\S ~ SJO'Q ~ SZU,?
+ (¢] - ¢])Az ‘1 — ¢S + <¢z - ¢1)1 _ (;)S + (¢] - ¢])m + )\i/\j (B.1.4)

One solution to above is @ = 6. Next, guess that another solution satisfies the restrictions

51 = ¢ and A1 = A1. From this guess, ¢, for k > 1 can be expressed in terms of ¢;

I N 7N | AeAs+Sgo?
¢_65_AkAl—AkAl—wl—cbl)[W}_Ml_w N — A B.15)
k . (fi;§;2K + /\1/\1S—J:;i10% - ° AMAs + Sio? o

The final equality uses the restrictions ggl = ¢ and 5\1 = \;. Storing constants as K; =

. 52

% for j > 1 and Ky = (/\Mﬁiis(w%)“ substituting Equation B.1.5 into Equation
B.1.4 gives

AN = Koy — M)y = M)+ KO = N) + K\ — A) + A (B.1.6)

Consider the guess Xj = % Continue by verifying that the guess satisfies

Equation B.1.6. Expanding, the left-hand side can be written as

QK(])\i)\j — QK(]KJ')\i — 2K0Ki)\j + 4K1Kj — QKJ)\,L — 2Kl)\J + )\ZAJK[% + )‘l)‘j
(Ko — 1) '

LHS =\, =
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Noting that :\j — A\ = 2)‘;'(07511, the RHS of Equation B.1.6 can be written as

RHS = ([{[)1_1)2{41(0(& — K;)(Nj — Kj) + 2K;5(N — K3) (Ko — 1)

+2K;(\j — K;) (Ko — 1) + \i\; (Ko — 1)?} = LHS.

B.1.6 RGIV with observed explanatory variables

This section contains formal results for the RGIV model with observed explanatory variables.
Assumption B.1.1 (below) establishes conditions necessary for identification, consistency,
and asymptotic normality. Assumption B.1.1 extends Assumption 2.3.1 to include control

variables x; that are independent of idiosyncratic shocks u;;. In the derivations that follow, it

will be convenient to reparametrize the coefficient on the control variables as ¢, = 3, + 1?255 Bs.
Then, store the re-parametrized coefficients in vector @ = [1)], ... 4] in vector 8 = [¢, ']’

and its corresponding parameter space as ©.
Assumption B.1.1. (Baseline model)

(i) Model: For n > 3 units, let fized sizes S; € (0,1) sum to 1. Outcome vy = [rig, ..., Tnt)’
responds to the size-aggregated outcome rs; according to spillover coefficient ¢;, co-
efficients B; (k x 1), observed control variables x; (k x 1), and unobserved shocks

Wy = [Ung, Uty ey Ung)', Tir = OiTse + Bixy + uy for all i =1,...,n where ¢pg < 1.

(ii) Moments: For o? > 0, shocks u, are i.i.d. with moments E(u;) = 0, E(uu}) =
diag(o?,...,02), E(]Jwl||*) < co. Moreover, uy 1 wu; fori # j. E(xx}) = Sxx for

n

positive definite X xx and Xy 1L ;.

(7ii) Parameter space: For spillover coefficient ¢ = [¢1,...,¢,), store parameters in
0= (@, 3,,...,8.]". Then, the true parameter 6, is in the interior of parameter space

©. O is compact and for any 0c (:), ggg < 1.

Definition B.1.1 (below) extends the RGIV estimator to include observed explanatory

variables. Step 1 estimates the total effect of control variables x; on the outcome r;;. Step 2
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writes the moment uncorrelatedness condition after subtracting the variation induced by the

observed explanatory variables. See Section 2.5.1 for intuition.

Definition B.1.1. Store data z; = [r},x;}] for outcome variable vy = [riz,...,rn)’. Let

ui(ze, ;) = (rie — Yix) — Gi(rse — WYsxy) fori=1,...,n. The moment function ¢°(z:, ;1)

18

gc(zt7 d); ’l/J) = [ul (Ztv ¢; "zb)uQ(Ztv (:b; ¢)7 SRR ul(zt7 d); ’(/))un(zh ¢; d))a
U2(Zt, ®; I/J)US(Zt, D), .-, Un—l(Zt, ®; "/’)Un(zty ®; 1/’)}/-

Let the sample weight matriz W be defined as W= diag(UQIUQ, cee 02102 , 02102, B ! ~ >
172 17n 273 n—1"n

where 6% is a consistent estimator of idiosyncratic shock variances o2 fori=1,...,n. Then
the robust granular instrumental variables estimator with observed explanatory

variables is characterized as the following two step estimator:

. 7 Step 1 -
1. For eachi=1,...,n, ;" = (% Y1 XiXy) 1(% Y1 XiTit)-

!/
2 For Qu(gi 9™ 1) = | L L, o, 19650 )| W L SL, g, i 50 )|, @RO1Ve =

arg minges Qr(¢p; PpSter 1),

For brevity, the formal results rely on simple extensions of the Newey and McFadden
(1994) GMM identification, consistency, and asymptotic normality results as detailed in
Appendix B.2.1 to allow for the first step estimation of a nuisance parameter. Note that the
two-step estimation results of Newey and McFadden (1994) (Section 6) cannot be directly
applied since there are potentially more moments than estimated parameters. Alternatively,
the estimator described in Definition B.1.1 could be defined using a continuously updating
GMM objective function in the second step. The procedure could be formalized by modifying
the more general results of Pakes and Pollard (1989) to accommodate a first-step estimator.

Lemma B.1.1 (below) establishes that the first step estimator ¢Ster 1 g consistent and
O,(1). Lemma B.1.2 establishes identification of spillover coefficients ¢. Theorems B.1.1 and

B.1.2 give consistency and asymptotic normality of qERGW’C.
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Lemma B.1.1. Impose Assumption B.1.1. AsT — 0o, 92" 1 Ly ap and VT (97" 1 —ap;) =
O,(1).

Proof. Since 0 = E[x;(r — ¥ix;)] = E[xsu;] = 0 and E[x,xj] is full rank, the OLS estimator

,l:b\'Step 1

)

is consistent. Assumption B.1.1(ii) (that E(u,u}) = diag(c?,...,02) and E(x,x}) full

rank) implies 5" ! is asymptotically normal so v/T'(¢"*® ' — 4b;) = O,(1). O

Lemma B.1.2 (Identification with observed explanatory variables). Impose Assumption

B.1.1. For g§(¢) = E[g°(zt, ¢;¢0)], 95(o) = 0 for the true parameter ¢o and g§(¢p) # 0 for
q§ € ® such that (5 #* ¢@g.

Proof. The result immediately follows after applying Lemma 2.3.1 to 7;; = ry; — ¥ix;. m

Theorem B.1.1 (Consistency of RGIV with observed explanatory variables). Impose As-
sumption B.1.1. The RGIV estimator with observed explanatory variables is consistent

GRCIVe By b for the true parameter ¢y as T — co.

Proof. Verify the conditions of Theorem B.2.1. Condition (i) follows from Lemma B.1.2 and
Lemma B.2.1. Condition (ii) follows from Assumption B.1.1(iii). Condition (iii) follows by

inspection of function g°(z, ¢, 7). Condition (iv) follows from Assumption B.1.1(ii). O

Theorem B.1.2. Impose Assumption B.1.1. The RGIV estimator with observed explanatory

variables is asymptotically normal

VT (Ve — o) S N(O, (GWG) ' GWEWG(GWGE)™)

1 1 1
) 010%7 0§U§ PIIRII) 03710_721% moment co-

for RGIV population weight matrix W = diag(ag—laz, e
172
variance matriz ¥ = E[g°(rt, do; 1¥0)g°(re, Po; o)’ and G = E[V »g°(rs, ¢o; ¥o)] as T — oo.

Proof. Verify the conditions of Theorem B.2.2. The hypotheses for Theorem B.2.1 are

satisfied. Lemma B.1.1 implies v/T (5P ' — 4py) = O,(1). Next, compute the elements of
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E[Vy9°(2t, Po;¢0)]. Let i,5,k € {1,...,n} and i # j # k. Since x; 1L u;,

0
gy — Wi — 6ulrss = woxollre — Wi = 050 = i)}
= E{(—x¢ + ¢:Si%¢)u;t(2e, Yo, Po) } + Bl Sixiuit (2, o, po)] = 0
E{a?b[rit — Pixy — ¢i(rse — Pxy)|[rje — Yixi — ¢j(rse — Pixy)]}
k

= E{¢iSkXtth(Zta ¢07 ¢0>} + E[¢j5kxtuit(zt> T/)oa ¢0)] =0.

Hence, E[V9°(2t, ¢0; 90)] = 0. Condition (i) holds from Assumption B.1.1(iii). Condition
(ii) holds by inspection of moment function g(z, @;-). Conditions (iii) and (iv) hold from

Assumption B.1.1(ii). Condition (v) holds from applying the proof of Theorem 2.3.2. O
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B.2 Online appendix

B.2.1 Observed explanatory variables: Second-step GMM esti-
mation with a consistent first-step estimator of a nuisance

parameter

For completeness, the below identification, consistency, and asymptotic normality results are
straightforward adaptations of those found in Newey and McFadden (1994) (abbreviated as
NM). These results give conditions for identification and inference for two-step estimators,
given a consistent first-step estimator of a nuisance parameter. Following the notation of NM,
the first step nuisance parameter estimator is consistent 4 2 4o where /(¥ — o) = O,(1).
In the second step, 0 is the parameter of interest and is estimated using GMM with moment
function g(z, 8;) and weight matrix estimator w L W, where 4 is an estimator for .
Moreover, the condition E[V,g(z, 8¢;7)] = 0 (for true parameter values v, and 6,) ensures
that estimation uncertainty for the first-step estimator doesn’t enter the expression for the
asymptotic variance of the second-step estimator, as is the case for the RGIV estimator with
observed explanatory variables.

The below identification lemma (Lemma B.2.1) extends NM Lemma 2.3, the consistency
theorem (Theorem B.2.1) extends NM Lemma 2.6, and the asymptotic normality theorem
(Theorem B.2.2) extends NM Theorem 3.4. The proofs for these extensions are, for the
most part, identical to the original NM results. Notably, care is taken to ensure uniform
convergence of the GMM objective function in Theorem B.2.1 and the expected Jacobian
matrices in Theorem B.2.2.

These results can be applied to estimators where the second step GMM estimator is
over-identified, as is the case for RGIV when n > 4. In contrast, an application of the results
featured in Newey and McFadden (1994) Chapter 6 requires the number of moment conditions

to equal the number of parameters of interest.
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Lemma B.2.1 (Identification, two-step). If W is positive semi-definite and, for go(0) =
Elg(z, 0;v)], 90(60) = 0, and Wgo(0) # 0 for 8 # 6y then Qo(0) = —go(0)Wgo(0) has a

unique maximum at .

Proof. Apply an identical argument as the one used for the proof of NM Lemma 2.3.
Let R be such that R'R = W. If § # 6y, then 0 # Wgy(0) = R’ Rgo(0) implies Rgo(6) # 0
and hence Qo(6) = —[Rgo(0)]'[Rgo(0)] < Qo(6o) = 0 for 6 # 6. [

Theorem B.2.1 (Consistency, two-step). Suppose that z;, (i = 1,2,...), are i.i.d., w2 w,
4 5 0, and (i) W is positive semidefinite and WE[g(z, 0;70)] = 0 only if @ = 6y; (ii)
0o X vo € © x T compact; (iii) g(z,0;7) is continuous at each @ x v € O x I" with probability

one; (iv) Elsup , |9(2, 0;)|]] < co. Then 6 %> 6.

Proof. Proceed by verifying the hypotheses of Theorem 2.1 of Newey and McFadden (1994)(ab-
breviated as NM2.1):

o NM2.1(i): Follows from Lemma B.2.1 and Condition (i).
o NM2.1(ii): Follows from Condition (ii).

o NM2.1(iii): Newey and McFadden Lemma 2.4, Condition (iii), and Condition (iv) imply
that supg |2 321 g(z, 6;9) — E[g(z, 6;9)]|| & 0 and E[g(z, 6;0)] is continuous in 6.
Moreover, 4 = o implies supg || Y%, g(z;, 0;7) — E[g(z, 6;0)]|| = 0. Hence, 2.1(iii)
holds because Qy(0) = —E[g(z, 0;v0)]'WE|g(z, 0; )] is continuous.

« NM2.1(iv): For uniform convergence of the objective function Q,,(0) to Q(8), follow

similar computations to Newey and McFadden (1994) Theorem 2.6:

0(0) ~ Qo(8)] < |- 3 glzi.0:4) — Elg(z, 0:70)] PV +
=1

1 & R 1Y R .
2| > g(zi,0;7) — Elg(z,6;70)]llll~ > 9(z1,0;7) — Elg(z, 6;30)]l[| W]+
=1 n=1

IElg(z. 0; %) I7I[W — W%,
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]

Theorem B.2.2 (NM (1994) Theorem 3.4, modified). Suppose the hypotheses of Theorem
B.2.1 are satisfied. Also assume /n(¥ — ) = Op(1), E[V~9(z,60;7)] =0, (i) 6y x v €
interior(® x I'); (ii) g(z, 0;) is continuously differentiable in a neighborhood N of 6y x v
with probability approaching 1; (iii) Elg(z,00;70)] = 0 and E[||g(z, Oo;%0)|]*] < oo, (iv)
E[supgy~ [|Vaxv9(z,0,7)|l] < oo; (v) G'WG is non-singular for G = E[Veg(z,0y;0)].
Then, for ¥ = E[g(z, 60;¥0)g(z, 00;0)'],

V(6 — 6) & N0, (GWE) 'GWEWG(GWE)™).
Proof. Conditions (i),(ii), and (iii) imply that the first order condition is satisfied with prob-

ability approaching one: 2G,,(8)'W§,(8) = 0 for G,(0) = Vo= > g(zi, 6.7). Expanding

the FOC about 8y and 7, and rearranging gives

L N0, (GWGE) ' GWEWG(GWGE)™)
where @ and 7 are intermediate values. In the above display, 4 < o, [N 6y, and condition

(iv) imply G,(0) & G, G,(0) & G, and LS V,9(2;,60;%) = 0. The final line follows

from the Slutsky theorem and an i.i.d. central limit theorem.

157



B.2.2 RGIV when the shock factor is determined by known ob-

servables

In this section, I show that differencing RGIV moments can accommodate the case where
the shock factor structure is entirely determined by known observables. I also show that the
identification reduces to an overdetermined system of nonlinear equation, which admits a

unique solution (with the parameter space restriction ¢g < 1) outside of knife-edge cases.

B.2.2.1 Setup

Take Assumption 2.3.1 and augment with latent factors n; (m x 1) where E[nn;] =1 (and
finite fourth moments) and loadings A; (m x 1), which are entirely determined by observables

x; (m x 1) through IT (m x m)

it = Girse + AN+ ug, Ay = 1Ix,.
—_————
Vit
Also suppose there are more GMM moment conditions (less the square of the number of
observables) than there are unknowns (n(n —1)/2 —m? > n). II (m x m) maps the unit-

specific observables to the loadings and is unknown to the researcher. In matrix form, for

X = X1 X9 ... Xn:| andA:[)\l Ao ... An;

A =T1IX, r; = ¢prg; + A'n; + uy, and rank(X) = m.
N————

Vi

The shock covariance matrix is E[v,v}] = X'II'TIX + D for diagonal matrix D with

2 2

diagonal entries 07,0%,...,02. Vectorizing and selecting the off-diagonal elements of the

covariance matrix with selection matrix S (n(n — 1)/2 x n?),

Svec (E[vyvy]) = S (X' @ X') vec (IT'TI) .
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Premultiplying the above display by the annihilator matrix (for arbitrary matrix W, defined
as W My =1 - W(WW)"'W'),

MS(X1®X/)SV6C (]E[VtVQD =0. (B21)

Hence, a linear combination of the off-diagonal elements of E[v,v}] equals zero.

B.2.2.2 Identification

Equation B.2.1 sets a linear combination of RGIV moments to zero. Below, I show that the
spillover coefficients are generally identified outside of a set of knife-edge DGPs. Equation
B.2.1 implies a system of (univariate) quadratic equations in the errors of a particular spillover
coefficient. For there to exist a solution other than the true solution, these quadratic equations
must have identical zeros—which isn’t true in general.

For true spillover coefficients ¢; and proposed solutions ggz-, let @ = ¢; — ggz give the error
in spillover coefficient ¢;. The moment condition corresponding to the idiosyncratic shocks of

units ¢ and j can be written as
E {(Tz‘t — Girse) (1 — szTSt)} = ¢idik + dik; + ik

for k = E[r?,] and k; = E[rs;(uis + Almy)]. For i # j, the above display’s moments can be
stored in an n(n—1)/2 x 1 vector g matching the ordering of Svec (E[v;v}]) in Equation B.2.1.
Hence, identification of the moments characterized by Equation B.2.1 reduces to studying
the roots of Mgxgx/Hg = 0.

Since rank(Mgx/gxn) = n(n — 1)/2 — m?, Mgx/gx/) can be expressed in reduced row

echelon form (after elementary row operations)

Ln—1)/2-m2 —A

0,2 (n(n—1)/2—m?2) 0,2 xm2

159



Letting g’ be the first n(n—1)/2—m? moments and g’’ be the last m? moments, Mgx/gx)& =

0 can equivalently be expressed as
g = Ag'l. (B.2.2)

The moments g’ equal some (known) linear combination of g’/ determined by matrix A.
To characterize the solutions, fix g/’ and let a = Ag!! where a;; is the entry of vector a
that corresponds to the moment condition for shocks i # 7. Then the row of Equation B.2.2

corresponding to the shocks of units ¢ and j is (El(kj + Qvﬁjk:) + q;jk* = a;;.

' i i it, & = “i1=01ks _ aj1—dik;
After rearranging and setting unit 1 as the reference unit, ¢; = e and gbj T

Substituting (51 and (Z\gj,

¢1 n a1 — ¢1 I (@i — Cglk’i)(ajl - lekj)k

ai; = Gi(k; + dsk) + djk; = ok k; ki
1

ki + ¢1 (k1 + Clv51k)2

Rearranging yields a quadratic equation in qzvﬁl
0=al"@ + as?d; + al? (B.2.3)

where ag = a;;k* + kikjk, a(” = 2a;;k1k + 2k;k;ky, and az()fj) = a;;k3 — (ank; + ajki)k —
apajk. Hence, the above display gives a system of quadratic equations (in qu) defined by
the pairs ¢ # j contained in moments gf .

If g/ = 0, thena = 0, o\?) = k;k;k, 057 = 2k;k;k, and of? = 0. Here, 0 = ¢y (ke +2k1 ).
There are two solutions, which both do not depend on the index 7, j: (1) the true solution
¢y =0 and (2) a false solution ¢; = —2% (which can be ruled out from the condition ¢g < 1
as is done in Lemma 2.3.1).

Now instead suppose g/ # 0. From the quadratic formula, the roots of Equation B.2.3

o) NN

(dividing by agij )) are determined by %= and —¥=. —= in particular depends on the units
O{ Oél
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i, 7 through terms k; and k;. Hence, besides knife-edge cases, it is not generally true that the

roots for Equation B.2.3 coincide when g/ # 0.

B.2.3 Application: Robustness

Table B.2.1 reports coefficients and standard errors under alternative winsorization schemes.
Columns 1-3 show that the results are qualitatively similar to the preferred specification after
winsorizing at 5%, 0.5%, and 10% respectively. The fourth column, however, shows that
estimation without winsorization is unreliable. These results show that the qualitative features
of the main text’s preferred specification aren’t specific to the choice of 1% winsorization and

that the linear form of the model described in Assumption 2.3.1(i) is sensitive to extreme

outliers.
5% 0.5%  10% 0%
RGIV results:
Os 0.57 054  0.58 -16.57
(0.06) (0.08) (0.05) (10275.21)
OIRL,PRT,ESP 082 082 0.83 0.98
(0.05) (0.06) (0.05) (2.38)
dGRC, TTA 049 045 0.5 -28.08
(0.12) (0.16) (0.11) (17084.06)
DCore 042 038 042 0.47
(0.03) (0.03) (0.03) (2.48)
PsvN 0.33 033 0.34 0.34
(0.05) (0.06) (0.05) (0.39)
Tests (p-values):
Specification 0.817 0.872 0.679 0.616
Homogeneity 0 0 0 0.275

Table B.2.1: Estimation results. Coefficient estimates for ¢s, pirL, PRT,ESP, PGRC, ITA, PCore and PsyN are
listed above standard errors, which are provided in parentheses. p values are provided in the bottom section
of the table for the specification test and parameter homogeneity tests. Columns 1-4 give estimation results
for winsorization at the 2.5 and 97.5 percentiles, 0.25 and 99.75 percentiles, 5 and 95 percentiles, and no
winsorization respectively.

Table B.2.2 summarizes RGIV results under alternative blocking schemes. Starting with
the preferred specification, the first column shifts Ireland from the Portugal/Spain periphery

block to the Greece/Italy periphery block (splitting the periphery countries into an “Iberia”
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block and “Other” block). The specification test’s p-value of 0.95 suggests that “Iberia”
specification’s moments are consistent with the data. Moreover, the spillover coefficient for
the Portugal/Spain block is 0.89 compared to 0.83 for the Portugal/Spain/Ireland block in
the preferred specification, suggesting that Ireland’s spillover coefficient is lower than the size-
weighted combination of Portugal/Spain’s. Columns 2 and 3 show that spillover coefficients
are nearly unchanged after moving Slovenia to the core and periphery block respectively (no
specification test is reported since the model is just-identified). The specification in Column
4 separates France from the core countries and moves it into its own group. The specification
test is rejected, giving indirect evidence that French shocks are correlated with those of other

Euro area core countries.

Iberia Core SVN  Periphery SVN Separate FRA
RGIV results:
bs 0.51 0.54 0.54 0.52
(0.11) (0.08) (0.08) (0.09)
o1 0.89 0.82 0.83 0.83
(0.06) (0.06) (0.06) (0.06)
o 0.39 0.45 0.44 0.42
(0.2) (0.16) (0.16) (0.18)
o1 0.4 0.39 0.39 0.4
(0.04) (0.03) (0.03) (0.03)
orv 0.33 0.38
(0.06) (0.04)
Tests (p-values):
Specification 0.95 — — 0.001
Homogeneity | <.001 <.001 <.001 <.001

Table B.2.2: Estimation results for alternative groupings. Coeflicient estimates for ¢g, ¢1, ¢11, ¢111 and ¢y
are listed above standard errors, which are provided in parentheses. p values are provided in the bottom
section of the table for the specification test and parameter homogeneity tests. Groups: “Iberia” (I: PRT,
ESP; II: GRC, ITA, IRL; IIT: AUT, BEL, FRA, FIN, NLD; IV: SVN), “Core SVN” (I: PRT, ESP; II: GRC,
ITA, IRL; IIT: AUT, BEL, FRA, FIN, NLD, SVN), “Periphery SVN” (I: PRT, ESP, IRL; II: GRC, ITA, SVN;
III: AUT, BEL, FRA, FIN, NLD), “Separate FRA” (I: PRT, ESP, IRL; II: GRC, ITA; III: AUT, BEL, FIN,
NLD, SVN; IV: FRA).
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Andrews rule

No Fama-French 0-factor GIV  2-factor GIV

RGIV results:

os 0.54 0.54
(0.07) (0.08)
OPRT,ESP,IRL 0.83 0.83
(0.05) (0.06)
®GRC, ITA 0.44 0.45
(0.14) (0.17)
¢Core 0.39 0.4
(0.03) (0.03)
PSVN 0.33 0.34
(0.05) (0.06)
o1V 0.42 0.31
(0.03) (0.06)
Tests (p-values):
Specification 0.93 0.952
Homogeneity <.001 <.001
First-stage F'-statistic 411 112

Table B.2.3: Estimation results. Coeflicient estimates for ¢s, 1rr, PRT,ESP, PGRC, ITA, PCore and PsyN are
listed above standard errors, which are provided in parentheses. p values are provided in the bottom section
of the table for the specification test and parameter homogeneity tests.
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Appendix C

Appendix to Chapter 3

C.1 Further theoretical results

C.1.1 Least favorable misspecification

Figure C.1.1 plots some numerical examples of the least favorable MA polynomial
al(L;h, M) =322, aih,M[/ discussed in Section 3.4.2. We focus here on a univariate local-
to-AR(1) model y; = py;_1 + [1 + T~'/2a(L)]e;, though unreported numerical experiments
suggest that the qualitative features mentioned below also apply to multivariate models.
Recall that the least favorable MA coefficients depend on the horizon h of interest, while M
only influences the overall scale of the coefficients, and not their shape as a function of /.
The figure shows that the shape of the coefficients either takes the form of a hump or of a
single zig-zag pattern, with the largest absolute value of the coefficients generally occurring
at ¢ = h. Notice that we can flip the signs of all coefficients without changing the absolute

value of the bias.

C.1.2 DMore efficient bias-aware confidence interval

Generalizing the bias-aware VAR confidence interval in Section 3.4.3, consider a bias-aware

confidence interval that is centered at the model averaging estimator 8,(w) = wfy + (1 —w)dy,
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Figure C.1.1: Least favorable af(L;h) for horizons h € {1,5,10} for local-to-AR(1) models with different

persistence parameters p (left, middle, and right panel).

from Corollary 3.4.2:

(1- °">MT> V(14 w272) aVar(8) /T

ol ) = (o) i (ST

where 7 = \/ aVar(f3,)/ aVar(d,) — 1. This interval equals the conventional LP interval when
w = 1 and the bias-aware VAR interval when w = 0.

Corollary C.1.1. Impose Assumption 3.2.1, ¢ = 1/2, and aVar(gh) > 0. Then, for any

w € [0,1],
inf lim P01 € Clp(0y(w); M)) =1 —a.

1
a(L): (L) <M T—o00

Proof. The result follows from Propositions 3.3.1, 3.3.2 and 3.4.1, Corollary C.1.2, and the
m

same calculations as in the proof of Corollary 3.4.2.
Even if we choose the weight w to minimize confidence interval length, the resulting

bias-aware interval tends to be nearly as long as the LP interval. The length-optimal weight

w = w* is given by

<(\1/ 1_ :J;JQ\Z) Vit

w* = argmin cvy_,
wel0,1]
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Figure C.1.2 shows this optimal weight as a function of M and the relative asymptotic
standard deviation of the VAR and LP estimators, while Figure C.1.3 shows the length of the
resulting optimal bias-aware confidence interval relative to the length of the conventional LP
interval. We see that, for M > 2, there is little gain from reporting the optimal bias-aware
interval rather than the LP interval, regardless of the relative precision of VAR and LP. An
additional observation is that, for M > 1.5, the length-optimal w* is numerically close to the

MSE-optimal weight M?/(1 + M?) derived in Corollary 3.4.2.

C.1.3 Covariance structure of LP and VAR estimators

The following result provides the asymptotic variance-covariance matrix of the LP and VAR
estimators in the general multi-dimensional set-up of Section 3.4.4. Define W;. ;. 5, as in

Proposition 3.3.2, but making the dependence on (i*, j*) explicit in the notation.

Corollary C.1.2. Impose Assumption 3.2.1, with part (iii)) holding for all shock indices

Jis. .y 5. Then for any a,b € {1,...,k},

min{ha,hp }

aCOV(ﬁza,Jth, 5zb,jb, ) = Il(ja = jb) (¢a b+ Z egzmAha@E(A/)hbf@iZ’n) s

A A

aCov(6 xjxh 5ZZ,j;7hb) ﬂ(]a = ) ¢ab+tr (\I/Z ik ha E\If v hbS_1)7

acov(ﬂzayjc” ll’ Albvjbvhb) aCOV((SZ* ju,? a? giZ7jl):7hb)7

where

Yap = € JA" H 2 D;j. H a(A')hbeZ .

and the “aCov ” notation refers to elements of the asymptotic variance-covariance matrix in

Equation (C.5.2) in Appendiz C.3.4. In particular, aCOV(Bi;’j;’ha — Si;;,j:;,haag hy) = 0.

b’jb’

Proof. See Section C.2.7. []
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Figure C.1.2: Length-optimal weight on LP in bias-aware confidence interval. Significance level a = 10%.
Horizontal axis: relative asymptotic standard deviation of VAR vs. LP. Different lines: different bounds M
on [[a(L)]].
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Figure C.1.3: Relative length of optimal bias-aware confidence interval vs. conventional LP interval. Signifi-

cance level a = 10%. Horizontal axis: relative asymptotic standard deviation of VAR vs. LP. Different lines:
different bounds M on |la(L)]|.
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C.2 Proofs

C.2.1 Proof of Proposition 3.3.1

Lemma C.5.1 shows that we can represent
Yirsnh = Onregen + Byyy, + Bhyyet + G + T7°OR(L)er, (C.2.1)

where the expressions for the coefficient matrices and the 1 x n two-sided lag polynomial
On(L) =2 . OneLt are given in Lemma C.5.1.
Let 2, be the residual in a regression of y;-; on Yo, and 1;_1, using data points

1,2,...,T — h. By definition, %}, is in-sample orthogonal to Yous and ;1. Hence,

B, = Zz:l};yj;,t—i—hi'h,t
>t iit
S (Yir an — OnrEng — Eﬁb,ygjw — By Y1) Th
D
T i pon — Onr®ng — E/;L,ygj*7t — B}, Y1) Zn
03 + 0p(1)
TS i — Onrese s — E;z,ygj*,t = By yye-1)Ens + Op(T%) + 0,(T71/?)
0% 4 0p(1)

= O+ by orthogonality

=01+ by Lemma C.5.4(v)

= Ohr +

by Lemma C.5.4(iv)

T ZtT:_lh(gi*,h,t + T_C@h(L)Et)ﬁjhjt + Op(T—QC) + Op(T—1/2)
092‘* + 0p(1)

TS (& + TOR(L)er)gj 4 + Op(T72) + 0,(T71/?)
0. + 0p(1)

= Opr + by (C.2.1)

= eh,T +

by Lemma C.5.4(iii) and (vi)

T o nigje s + Op(T7%) + 0,(T7Y?)
092'* + 0y(1)

= Ohr + by Lemma C.5.1,

and the result follows. O
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C.2.2 Proof of Proposition 3.3.2

Note first that

Op — € A" H, ju = €l Ahu — el ,A"H,

/ Ah / h / Ah (A
= ez*mA H.vj* - ei*,nA H.vj* + ei*,nA (V - H.vj*>‘

Lemma C.5.2 shows that A — A = O,(T~¢ 4+ T~'/2). By Magnus and Neudecker (2007, Table

7, p. 208),

a(el. AMH, )\’ h
( (61 éne(A) 2J )) _ (Hi,j* ®€;*7n) (Z(Al)hf ®AZ1> Z A/ h—¢ ®€* AE 1

(=1

SO

Op — € yA"Hy ju = <Z H, . (A& eé*ynAZq) e(A—A) + e ;A0 — Hoj) + 0,(T™ + T7?)
=1

=€l AT A - A)A Hy o+ el JAM D — Hajo) + 0, (T +T71/2)

1
e {W(A = A)} 4 e AMD — Hago) + 0p(TC +T712),

o~

=+

where U, = Y A" *H, j-€l. , A"'. Lemma C.5.2 further implies that

NRERI R AR ea)

(=1

T
+ tr {S—lq/hHT—l > etgg_l} +0,(T7°),

t=1

where S was defined in Assumption 3.2.1. Lemma C.5.3 shows that

1 T
V= Hep = T3 Goagjeat 0p(TC+T717).
J* =
Using the definition of 6;, 7 and re-arranging terms gives the desired result. O
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C.2.3 Proof of Corollary 3.3.2

Use the notation E*(z | w) = cov(z,w) var(w) 'w for mean-square projection. Then

h
032-* \IJ;LS_lgt—l = ( Z(A/)h_éei*,n UJ2-* H:,j* (Al)é_l ) S_lgt—l
=1

=cov(e;* s—¢,Jt—1)

(A/)h_zei*,nE* (€j*,t—£ | gt—l)

I
M=

o~
Il

1

(A/>h_£€i*,n5j*,t—€7

I
M=

T
I

where the last equality uses €;+ ¢ € span(gjt_l, o ,gjt_p) for ¥ =1,...,h. Thus,

>

1
var(e, H'U}, S~ 4, 1) = var <a2 Z8j*7t_g€;H,(A,)h_é6i*7n>
J* =1

1
1
J

var (5j*7t,ga’tH’(A/)h’gei*7n)

Q

|
MD“

*

~
I

—_

M;r

: E(e3. ,_ ) var(etH'(A)" e )
J

Q
~
Ik

1
1 h
=5 var <€g*’n Z Ah_eHEt+g> .

J =1

Q

It now follows as in the proof of Corollary C.1.2 that aVar(/3,) = aVar(d,). Then Proposi-

tion 3.4.1 implies that aBias(d),) = 0. O

C.2.4 Proof of Corollary 3.4.1

By Proposition 3.4.1, supy(y). ja()<m aBias(d; a(L))? = M*{aVar(f3,) — aVar(d,)}. The

result follows. O

C.2.5 Proof of Corollary 3.4.2

Write 0,(w) = 0 + w(By — 0,). By Corollary C.1.2, the two terms are asymptotically
independent of each other, and the second term has asymptotic variance wQ{aVar(Bh) —
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aVar(0,)}. Hence,
aMSE(#,(w)) = {(1 — w) aBias(05)} + aVar(d,) + w*{aVar(3,) — aVar(dy)}.

By Proposition 3.4.1, the supremum of the above expression over a(L) satisfying ||a(L)|| < M

equals
(1 —w)?M*{aVar(B),) — aVar(dy)} + aVar(d,) + w?{aVar(53,) — aVar(d,)}.

To find the w that minimizes the above expression, we can equivalently minimize the function

(1 —w)?M? + w?. The result follows. O

C.2.6 Proof of Corollary 3.4.4

Proposition 3.4.1 implies that the absolute relative VAR bias |b,| can be made to take any
value in [0, 00) as «(L) varies over the set of all absolutely summable lag polynomials. The

corollary then follows from Corollaries C.1.2 and 3.3.1 and Proposition 3.3.3. [

C.2.7 Proof of Corollary C.1.2

We first use Proposition 3.3.1 to compute aCOV(BiZ,j;,hav3i;,j;,hb)~ Define &« py =
(&14#hts -+ > &njene) as in Proposition 3.3.1, but making the dependence on both @*

and j* explicit in the notation. Observe that
E[gi(’;,j;,ha,tgj;,tgi;,j;,hb,sgj;,s] =0 foralls 7é t.

Hence,

~ ~ 1
aCov(Bix js ha» Biz iz hy) = pop 2 [ i hant€iz 1S i ot i )
Jady
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If 57 < j;, then g ; is independent of all the other terms in the above expectation, so the

expectation equals zero; similarly if j» > j;. Now consider the case 5 = j;:

A A 1
aCOV(ﬂi;,j;;,ha, 5ig,j;,hb) = G—E [fi:;,jz,ha,tfiz,jz’hbﬁ?;,t]
¥k

4
J
1 2
= — El&s iz hatbiy gt El€jx 4]
Ja
1
= 5 Bl&idinaniy z]
]
1 !/ hb
= T H *832 tajzt (A) 61 n]
]
ha hy
+E eg;;,n Z Z Aha_él Hgt—i-hg;—i-fgH,(A,)hb_ézeil’:,n
l1=1/02=1
1 min{hqa,hp }
= O'T wa,b + Z €gz7nAhaieZ(A/)hb7€€ig,n ,
Ja =

as claimed.
We now derive aCov(0;s j» p., i j* p,) using Proposition 3.3.2. Observe that the vector
axJasr'ta bbb
/ ~/ !/ !/ ! : : :
process (£; @ Ty_1,5x 0.4Ejx s £j;707tsj;,t) is a martingale difference sequence with respect to

the filtration generated by {e;}. Moreover, E[(g; ® §i—1)E} o,£5+4] = 0 for any j*. Hence,

) ) - B , » ,
aCoV(0ig gz ha» O gz ) = B [tr (S7 Wi o n Heghy ) tr (S71W5 o, Heyll )|
1
/ h / Nhy
+ = B [l n AP &1 0085 0,4 (A) iy m s 185z 4] -

Ojx 0];
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The second term on the right-hand side above equals 1(j*

Js )aj_;2¢a7b, by similar arguments
as in the earlier LP calculation. The first term on the right-hand side above equals

~/ -1 / I\Ts! -1~
E|§_yS7 Wy, jon Heue H' Y g, S04

= tr (B [j1-19)_ 1S~ Wiy g p, Here, H'Y, ., S71)
= tr (B [§ia§)_]) S04, o HE [0 H'W, ., S7Y)
— tr (SS‘l\Ifi;,j;,haHDH"I’Q;,j*,hbs_l)

= tr (Wi g, SV 5o 0571

as claimed.

sk

Finally, we compute aCov(BZ-M;,ha,Sizdb,hb) using Propositions 3.3.1 and 3.3.2. Using

arguments similar to above, we obtain
aCov(Biz s ha> Oig g s )
=1

1 0o ha

. / ho—¥ -1 ~/ -

= —0_2 Z FE 62»27” Z Al H5t+€5j;,t tr (S \Ili;,j;,hngt+syt+s_1> + ]l(ja
Jq s=—00

The first term on the left-hand side above equals

1 ha 0o
/ hao—4 / INT,/ -1~
o2 Y. E {ei;,nA “THerpeg VG e, S yt+5_1€j;,t}
Ja =1 s=—o00
ha
! hao—4 / INT, ! -1~
2. F A" Heviel o H' U o1, S Gererei ]
Ja £=1
1 fa ho —0 1
_ / a— / NTy! - ~ )
2 Zez‘;;,nA HE[5t+£5t+z]H‘I’z';,jg,hbS Elf+0-18j3 4]
Ja e=1
1 Qo ha—t 1 40—1 2
_ / a— INTU — _ .
— 2 Zezz,nA HDH \Ijlg)]g)hbs A H.J*O'j;
Ja £=1

ha
:tr( Y AT'H, e AT S hbs—1>.
(=1

_Nha pAhg—t ’ —1_
—25:1*’4 “ Ho,jf{ei;;,nA =W j* ha
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It follows that aCov(S3;x jx h,, 5iz,jg,hb) = aCov(0sx jx ha> 51»;,]-;,%), as claimed. n

C.3 Further theoretical results

C.3.1 Heteroskedasticity

The conclusions of Propositions 3.3.1 and 3.3.2 do not require shock independence, either
cross-sectionally or across time. In particular, our proofs of these propositions and the

auxiliary lemmas in Appendix C.5 replace Assumption 3.2.1(i) by the following:!

Assumption C.3.1. ¢; is a strictly stationary martingale difference sequence with respect
to its natural filtration; var(e;) = D = diag(o},...,02); o5 > 0 for all j = 1,...,m;

m

El|lec]]!] < oo; and 3502, 322 || cov(es @ &4, 60 @ &1 )|| < 0.

Assumption C.3.1 strictly weakens Assumption 3.2.1(i) by allowing the shocks to be
conditionally heteroskedastic and by weakening mutual shock independence to orthogonality.
The last part of Assumption C.3.1 is a vector version of the fourth-order cumulant summability
condition of Kuersteiner (2001, Assumption Al). It restricts the higher-order dependence of

the shocks, consistent with many stationary models of conditional heteroskedasticity.

C.3.2 External instruments and proxies

Our framework can accommodate identification via an external instrument (also known as a
proxy) by a simple reparametrization. To see this, let the proxy be ordered first in y;. Set

j* =1, and replace Assumption 3.2.1(iii) with the following:

Tt is an interesting topic for future research to investigate whether the other results in Sections 3.3 and
3.4 also hold under the weaker condition.

20ne sufficient condition is finite dependence, i.e., there exists an integer K such that {es}s>t1k 18
independent of {e,}s<¢. Another set of sufficient conditions is that E(e; | {e5}s2¢) = 0 and {&; ® &;} has
absolutely summable autocovariance function. See also Kuersteiner (2001, Remark 2, p. 362).
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Assumption C.3.2. The first column of A consists of zeros, except possibly the first element;
the first row of H equals (1,0,0,...,0,1); the last column of H consists of zeros, except the

first element; and the last column of a(L) consists of zeros.
This assumption imposes the following restrictions:

« The proxy y; equals

Yig = Al oY1 + 1t + Emy + Tﬁg[OéL.(L) + ame(L)]er,

which generalizes Assumption 4 in Plagborg-Mgller and Wolf (2021) to allow for local
contamination by lagged shocks. The last shock €, is viewed as measurement error or

noise (v; in the notation of Plagborg-Mgller and Wolf, 2021).

o The dynamics of (ya4,...,Ynt) (i.e., with the proxy excluded) follow a VAR(1), up to

the local misspecification in the form of lags of (e14,...,Em—11¢)-
« The proxy measurement error €, is orthogonal to all leads and lags of (yat, ..., Ynt)-
Now transform the shocks from ; to & = (&14,...,Em+) as follows:
2
— L . L o
€14 :51’t+€m’t, Eit =&t fOI'] = 2,...7m— ]_, Emit = Emt — ﬁ(gl,t+€m,t)°
o1 + oz,
By construction, the elements of &; are mutually orthogonal. Note that
2 2
— 01 = = . —_ = f ;s 2 1 J— m = = .
€Lt = 5 5Lt —Eme; i =& or ) =2,....m—1 Eny=-F—"FC+ Eny;
Ul + Um Ul + Um

write () for the m X m matrix such that ¢, = QQ¢;. We can then re-express the VARMA(1, 00)

model for y; in Equation (3.2.1) as

ye = Ay + H[I + T~ a(L))z, (C.3.1)
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where
1 0 o --- 0 0

2

g
- s ey Hap Hiyy -+ Hypmo1 —Hiy
H=HQ=|"1"" ,

Hnl Hn,2 Hn,3 Hn,m—l —1in1

P +C,2
and @(L) = Q 'a(L)Q. Under Assumption C.3.2 above, the impulse responses of
(Y4, - - -, Ynst) With respect to £, in the reparametrized system (C.3.1) equal 0% /(0% + 02))
times the impulse responses of (Yo, ..., Ynt) With respect to €1, in the original parametriza-
tion in Equation (3.2.1). This follows by inspection of the elements H;, for i > 2, the
assumption that A“ = 0 for i > 2, and the fact that the first column of Ha(L) equals
Ha(L)Qeq = 2+02 Hae (L) (here we use the assumption that the last column of a(L) is
Z€r0).

If the original shocks (and measurement error) ¢; satisfy Assumption C.3.1, then the
transformed shocks &; do also, provided that the fourth-order cumulant condition holds
for the transformed shocks (recall that Assumption C.3.1 only requires the shocks to be
mutually orthogonal, not independent). The transformed system (C.3.1) therefore satisfies
Assumption C.3.1 and Assumption 3.2.1(ii)—(v), with  and &(L) in place of H and a(L).
Hence, Propositions 3.3.1 and 3.3.2 apply. We conclude that LPs on the proxy y; ;—and
recursive VARs with the proxy ordered first—consistently estimate the true impulse responses
of (yat,- .., Ynt) With respect to €14, up to the scale factor %TZO This scale factor, which
is the same across all response variables ¢* and horizons h, reflects attenuation bias caused
by the measurement error in the proxy. It gets canceled out if one reports relative (i.e.,
unit-effect-normalized) impulse responses, as explained by Plagborg-Mgller and Wolf (2021,
Section 3.3). Of course, though the VAR estimator is consistent, it suffers from asymptotic
bias of order 77¢, while the LP estimator has bias of the smaller order 72¢.

In summary, the main results in the paper carry over to identification via an external

instrument /proxy. A caveat is that the instrument/proxy must be strong, in the sense that
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o? = var(ey ) is not close to zero; otherwise, we will end up dividing by a number close to

zero when computing relative impulse responses.

C.3.3 Data-dependent lag selection

Here we argue that local projection inference is more robust to data-dependent lag selection
errors than conventional VAR inference. The following proposition establishes the properties

of conventional information criteria in our class of DGPs.

Proposition C.3.1. Assume that the n-dimensional process {4} is a stationary solution of
the local-to-SVAR (po) model in Equation (3.2.2). Assume also that A,, # 0 so that py is the
minimal true autoregressive lag order, HDH' is positive definite, and the process (written in
companion form as on p. 7 of the main paper) satisfies Assumption 3.2.1.

Let i(p) denote the n x n sample residual variance-covariance matriz from a least-squares
VAR (p) regression on the data (41, ...,9r). Let {gr}r be a deterministic scalar sequence. Fix
a maximal lag length K > pg. Suppose we select the lag length by minimizing an information

criterion:

p = argmin {log det <2V](p)) +p X gT} .
0<p<K

Then the following statements hold:
i) If gr — 0, then P(p < po) — 0 as T — oc.

it) If Tgr — o0 and ¢ > 1/2, then P(p > py) — 0 as T — 0.

The proposition implies that, when applied to a VAR in the data {g;}, both the BIC
(97 = n*(log T)/T) and AIC (gr = 2n*/T) select py or more lags with high probability in

large samples, and in fact the BIC selects exactly py lags asymptotically when ¢ > 1/2.3

3For additional intuition, consider the critical case ¢ = 1/2 where the moving average coefficients are of
order T~1'/2, Under smoothness assumptions on the density of the shocks e, the local-to-SVAR(py) DGP
is then contiguous to an exact SVAR(py) DGP (for formal results, see Hallin and Puri, 1988; Hallin et al.,
1989). Since the BIC is consistent for pg in latter DGP, contiguity implies that the BIC also selects pg lags
with probability approaching 1 in the former DGP.
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Hence, in the latter case, it follows from Corollary 3.3.1 that it is pointwise asymptotically
valid to report a local projection confidence interval that controls for p lags of the data, where
p is selected by applying the BIC to auxiliary VAR regressions as defined above.

Unlike LP inference, VAR inference is sensitive to minor model selection errors. Leeb
and Potscher (2005) show that VAR confidence intervals with lag length selected by BIC or
AIC fail to control coverage uniformly over the VAR parameter space. The breakdown in
performance happens for (a sequence of) DGPs that satisfy a VAR(py) model where the first
po lags have large coefficients and the remaining py — po lags have small coefficients of order
T~'/2; this implies a VARMA (py, 00) representation where the moving average coefficients

1/2_ Because the BIC or AIC cannot reliably detect the small coefficients, they

are of order T~
will tend to select fewer than py lags (cf. Proposition C.3.1). The small coefficients on the
omitted lags impart an asymptotic bias in the VAR estimator that can cause large coverage
distortions for the associated confidence interval, consistent with Corollary 3.3.1. However,
if in this context the BIC-selected lag length is instead used for local projection inference,
the bias imparted by the omitted lags is much smaller than for the VAR estimator and is in
fact asymptotically negligible: this is precisely the message of Proposition 3.3.1. Though our
arguments fall short of proving that local projection inference with data-dependent lag length
is uniformly valid over some parameter space, they nevertheless show that LP inference

remains valid under the types of drifting parameter sequences that Leeb and Potscher (2005)

show are responsible for the non-uniformity of VAR inference.

C.3.3.1 Proof of Proposition C.3.1

The proof follows standard arguments for exact VAR models, see Liitkepohl (2005, Chapter
4.3.2) and references therein. We merely show that extra terms induced by the vanishing
moving average process are asymptotically negligible under our assumptions. Let || - || denote

the Frobenius norm.
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Lemma C.5.6 implies that 7' ST g,/ , = TV S 4,40, + O (T—C) for any £ > 0,
where {7, } is a process that satisfies the VAR(py) model with no moving average term (a(L) =
0), see also Corollary 3.3.2. It follows from least-squares algebra that the probability limit of
Xcl(p) for any fixed p is the same as it would be in an exact VAR(py) DGP with no moving
average term. Statement (i)) of the proposition then follows immediately from standard
arguments for lag length estimation in exact VAR models (Liitkepohl, 2005, Proposition 4.2).

To prove statement (ii)), assume p > po. It suffices to show that Scl(p) = i’o + O, (T™1) for

some data-dependent matrix io independent of p, since this implies*

P <log det (Zc)(p)) + pgr > log det (Xcl(po)) —i—pogT) = P((p —po)Tgr > Op(l)) —1

when p > py. Let y; denote the (np)-dimensional companion form vector obtained by
stacking p lags of 7, as in Equation (3.2.2). Then Ecl(p) is the upper left nn x 1 block of
the (fp) x (fp) matrix © = T2 ST 4,0, defined in Section 3.2.2. To finish the proof,
we show that T-' 37 ||t — Hel|> = O,(T~"), which by Cauchy-Schwarz implies 3 =
T-1, HeelH' + O,(T71), as needed.

Note that when the estimation lag length p weakly exceeds the true autoregressive order
Do, all results in our paper apply, as noted in the discussion surrounding Equation (3.2.2).

Hence, using the definition of u; in Lemma C.5.6,

1 & 2 &
*§:||@t—H5t||2§*§:’Ut—Ut 1>+ = E:Hut He, |I?
Tt:l T: tl

(A—A)yt T-CHa(L)et
" B 1L
<2 JA-AP LS~ el 27 2 72 la(L)el?
— t=1 t=1
Op((T=1/24T~¢)?)
Op(1) Op(1)

= O,(T™ ' +T7%),

4Actually, in order to apply the delta method to the log determinant, we also use that plim Yo = HDH’ ,
a matrix that is non-singular by assumption.
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where the three O,(-) statements in the penultimate line rely on Lemmas C.5.2 and C.5.8 and

Assumption 3.2.1(v), respectively. When ¢ > 1/2, the right-hand side above is O,(T"!). O

C.3.4 Inference on multiple impulse responses

This subsection generalizes the worst-case bias formula in Proposition 3.4.1 to the multi-

dimensional case and derives the worst-case coverage of the Wald confidence ellipsoid.

C.3.4.1 Set-up

We consider inference on any combination of impulse responses for various horizons h, response
variables ¢*, and shocks j*. When referring to impulse responses and estimators of these,
we need to make the response variable and shock explicit in the notation. Thus, we write
Oi i h1> Bie jon, and O« s, with the definitions being the same as in Section 3.2. Let k
denote the total number of impulse responses of interest. We refer to the list of impulse
responses by the collection of triples {(i*, j*, he) }*_, indexing the response variable, shock
variable, and horizon, respectively. Define the k-dimensional vectors of true impulse responses

and LP and VAR estimators:

A

Oix j b, T Bit jz ha Oit it h

A

Oir jz a1 Bix iz i jz
It follows from Propositions 3.3.1 and 3.3.2 that, when { = 1/2,

B—6r d Orx1 aVar((3

JT a4y ) aCov(B,9)

] ( A e (C.3.2)
0 —6Or aBias(d) aCov(d,8) aVar(d)

for a k-dimensional vector aBias(d) (defined in the proof of Proposition C.3.2 below) and

k x k matrices aVar(B), aVar(S), and aCov(,é, 3) given in Corollary C.1.2 in Appendix C.1.3.

180



This corollary also implies that the difference ,é —dis asymptotically independent of b , which
is not surprising given the general arguments of Hausman (1978) and the facts that (i) the
asymptotic variances of the estimators are the same as in the model with a(L) = 0 and (ii)
the VAR estimator is the quasi-MLE in such a model. It follows that aVar(3) > aVar(d) in

the positive semidefinite sense.

C.3.4.2 Worst-case bias

The following result generalizes the univariate worst-case bias formula in Proposition 3.4.1.
Proposition C.3.2. Impose Assumption 3.2.1, with part (iii) holding for all shock indices
Jis.oydi, and let ¢ = 1/2. Let R be a constant matriz with k columns. Then

max || RaBias(d 0)|2 = M Ao ( R[aVar(B) — aVar(8)|R) ,

a(L): la(L)|<M

where Amax(B) denotes the largest eigenvalue of the matriz B.

The proposition shows that the worst-case squared norm of the bias of the VAR estimator
Ré of RO is a function of two simple quantities: the bound M on misspecification, and the
largest eigenvalue of the difference aVar(R3) — aVar(Rd) between the variance-covariance
matrices for the LP and VAR estimators. The latter eigenvalue equals max¢=1{aVar(¢’ RB) —
aVar(s’ RS)}, i.e., the largest efficiency gain for VAR over LP across all linear combinations
(with norm 1) of the estimated parameters. Consequently, the worst-case bias is non-negligible
if the VAR offers efficiency gains for any linear combination of the parameters of interest,
echoing our univariate results. When R is a row vector, then the proposition implies that
our conclusions from Section 3.4.2 extend to inference on any linear combination of impulse

responses.
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C.3.4.3 Worst-case coverage of confidence ellipsoid

We next derive the coverage of the conventional Wald confidence ellipsoid based on the VAR

estimator. The level-(1 — a) confidence ellipsoid is given by
CE(d) = {é e R*: T(6 — 0) aVar(8)'(6 — 0) < X%—a,k} :

where x3_, ;. is the 1 — a quantile of the x* distribution with k degrees of freedom.
Corollary C.3.1. Impose Assumption 3.2.1, with part (iii) holding for all shock indices
Ity d5, and let ¢ = 1/2. Assume also that aVar(S) is non-singular. Then

min —lim P(0r € CE()) = Fi (X} _, 4 M? [Amax(aVar(8) aVar(d) ') — 1]),

a(L): la(L)[[<M T—o0

where Fi(z;c) is the cumulative distribution function, evaluated at point x > 0, of a non-

central x? distribution with k degrees of freedom and non-centrality parameter ¢ > 0.

The worst-case coverage probability of the VAR confidence ellipsoid depends on three
scalars: the bound M on misspecification, the dimension k of the ellipsoid, and the “multi-

variate relative standard error”

\/)\mm(a\/ar( ) aVar(8)~1) = [Amax(aVar(8) aVar(d) )]~/ = min \/aVar(¢'8) / aVar(<'3).

GERFK

Again, the worst-case coverage distortion is an increasing function of the largest efficiency
gain for VAR over LP across all linear combinations of the impulse responses. Since VAR
impulse response estimates are often highly correlated across horizons, this suggests that the
VAR undercoverage can in fact be particularly severe in the multivariate case. Numerical
calculations (available upon request from the authors) show that the coverage distortions can

be severe even when M = 1, regardless of the dimension k.
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C.3.4.4 Proof of Proposition C.3.2

Define &, = D~'/2q,D'/? for all £ > 1. Notice that ||a/(L)||?> = 3222, ||ae]|?.

By Proposition 3.3.2, we have aBias(d; - 4) = 322, tr(Z; j+ pedy), where
S jope = DVPH(A) TS W oy HDY? — 1(€ < h)D™ P el , A" CHD'?.

Since tr(E j« nete) = €(Zx j« o) €(d)), we can write

aBias(8) = > Tre(a,),
=1

where
/
— — 2
T, = <e(:i}jf7h1,ﬁ)a e 78(52'27]';7711@74)) S RExm”,
Hence,
max R aBias(d)||?> = max RYe(d)
a(L):Ila(L)IISM|| Ol {aeyse s >0 llagllP<m? 4221 eeldy)

Lemma C.3.1 below shows that the final expression above equals M2\ . (3202, RY T, R')
(the lemma only explicitly considers the case M = 1, but the general case then follows
from the homogeneity of degree 1 of the norm). Finally, Lemma C.3.2 below shows that
%, Y, T, = aVar(B) — aVar(d). This completes the proof of the proposition. The proof
of Lemma C.3.1 shows that the maximum above is achieved when e(d;)) o Yjv (with the
constant of proportionality being independent of ¢ and chosen to satisfy the norm constraint),

where v is the eigenvector corresponding to the largest eigenvalue of R[aVar(8) — aVar(8)|R'.

In the univariate case k = 1, this reduces to expression (3.4.1) in Section 3.4.2. O

Lemma C.3.1. Let X denote the set of sequences {x,}32, of m X m matrices x, satisfying
S0 el < 1. Let {Ly}32, be a sequence of r X m?* matrices Ly satisfying 02, || Le||* < oo.

Then
Z Lge(l’g)

(=1

max
{:I?g}?ilé.)(

o (i L@Q,) . (C.33)

(=1
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Proof. A short proof using abstract functional analysis is available upon request from the
authors. Below we provide a more elementary proof.

The statement of the lemma is obvious if 372, || L¢||* = 0, in which case both sides of the
above display equal 0. Hence, we may assume that the series V = 272, L,L) converges to a
non-zero matrix. Let v be the unit-length eigenvector corresponding to the largest eigenvalue
A= Amax(V) € (0,00) of V.

The purported maximum (C.3.3) is achieved by the sequence {z}} given by e(z}) =
AYV2 L

2

2 S)
. ||A-1/22L4sz AV = A7 el = Aol = A,

(=1

> Lee(x;)
/=1

and
Sllzpll? = e(z))e(x;) =A"""> LiLpy=XA""vVo=A"A=1
=1 =1 =1

We complete the proof by showing that the left-hand side of (C.3.3) is bounded above by the

right-hand side. Let K be an arbitrary positive integer. Then

K

i Lge(l‘g)

{=K+1

< max
{a:g};ileé\?

i Lge(l'g)

(=1

max
{xg}?.;l ex

4+ max
{xg}?ile)(

Lge(.l’g)
1

=

The second term on the right-hand side is bounded above by (302 ;1 || L¢|[*)*/? by Cauchy-
Schwarz. As for the first term, standard results for the eigenvalues of finite-dimensional

matrices yield

2

K
max Lie(x = max <L Lo -+ [ )x
{Iz}é’ilex ézzl 0 < f) JJERKm21||$H§1 1 2 K
/ / K
:)\max<<L1 LK) <L1 LK>>=>\max<(L1 LK) (Ll LK>>:)\maX<ZL4L2>-
(=1
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We have shown

max
{xl}e 1€X

Z Lge {L‘g

(=1

K 1/2 . 1/2
(Amax(zum)) +(z ||Lg||2) |
/=1 (=K+1

Now let K — oo. Since Y32, LyLj is a convergent series, the first term on the right-hand

side above converges to A2 by continuity of eigenvalues, while the second term converges to

0. This establishes the required bound. O

Lemma C.3.2. Under the assumptions of Proposition C.3.2, and using the notation in the

proof of that proposition, we have

i T,Y, = aVar(3) — aVar().
=1

Proof. By definition of Yy, it suffices to show that, for any indices a,b € {1,...,k},

[ee]
Y e(Zis s hat) €(Zir grhye) = aCoV(Bix o s Bir i hy) — BCOV(0iz s ha» iz jimy)- (C.3.4)
=1

Multiplying out terms, we find that the left-hand side above equals

[e.9] o
SOr(E] o pZip ) = 01 (ATID(A) ST e, D ST
/=1

(=1

h
—Zb:tr (A" Ha joef, ,APSW L, ST

widasha

ha
- Ztr (AZ_]-H.J*e Aha’_éiji* ]*
a bbb

57)

min{ha,hp}
+ ]1(]: = ];)0’]7*2 Z eé’;‘,nAhbigz(A,>ha7£€i;,n-

a
(=1

We now evaluate each of the four terms on the right-hand side above. The first term equals

/ -1
b’Jb »hbqu a,]a,haS ) .

(ZA“ AT ST W e SV 51) = tr (xp

=5
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The second term (in the earlier display) equals

hy
—tr( > ATH, el AN B L ST ) = —tr (qfi;,j;,hbzqf’ oS )

ig:da
(=1

h —
:Z b Ahb EH -*6/, AL-1=U s
=1 ."717 zb n b7

and the third term (in the earlier display) also equals this quantity by a symmetric calculation.

In conclusion, we have shown

o
— —_
D AT(Eh i ha it i ot)

=1
min{hq,hp}
=1(j; =Jj)o Y eg;,nAhréZ(A/)h”*eez';,n —tr (‘I[i;j,j;,hbij; gt hasfl) :
=1
The desired result (C.3.4) now follows from Corollary C.1.2. O

C.3.4.5 Proof of Corollary C.3.1

The result follows straightforwardly from (C.3.2) if we can show that the maximal non-

centrality parameter equals

a(L):I‘&Egi)”SM aBias(S)’aVar(S)—l aBias(S) = M? {Amax(a\/ar(ﬁ) aVar(é ) o 1} ‘

-1/2

But this follows from applying Proposition C.3.2 with R = aVar(§) /2, since

Amax (aVar(S)*l/Q [aVar(3) — aVar(8)] aVar(S)’l/Q’)
= )\max (avar(s)il/Q aVar(B) aVar( ) v _ [k>
) -1

= Anax (aVar(,é) aVar

C.4 Simulation details and further results

We here provide supplementary details for the simulation study reported in Section 3.5.2.
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C.4.1 Implementation details

All inference procedures (correctly) assume homoskedastic shocks. The VAR is estimated
with an intercept, and confidence intervals are constructed either using the delta method or
the recursive residual bootstrap; following the recommendation of Inoue and Kilian (2020),
we report the Efron bootstrap confidence interval. For LPs, we include the shock measure
as the only contemporaneous regressor, control for an intercept and the same p lags of all
observables as in the VAR, and report the OLS coefficient on the shock. Confidence intervals
are constructed either using homoskedastic OLS standard errors or by bootstrapping an
auxiliary VAR as in Montiel Olea and Plagborg-Mgller (2021), but using a recursive residual
bootstrap instead of a wild bootstrap; we follow the latter paper and report the percentile-t
bootstrap confidence interval. We use 1,000 bootstrap draws, and the maximal lag length

considered for the AIC is 24.

C.4.2 Further results

Figure C.4.1 shows coverage probabilities and median confidence interval lengths for longer
estimation lag lengths p € {15,18}. The results are consistent with the asymptotic theory:
the longer the estimation lag length, the less severe VAR undercoverage, with correct coverage
ensured through equivalence with LP. Of course, since the true DGP is a VAR(18), the p = 18
VAR estimator is more efficient than LP at longer horizons (middle panel). The bottom
panel of the figure shows the root MSE for VAR and LP, with lag length selected by AIC. By
this measure, VAR outperforms LP, indicating that while the VAR bias is large enough to
seriously compromise inference (as shown earlier), it is not so large as to threaten the VAR

estimator’s status as a useful point estimator.
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COVERAGE AND LENGTH FOR LAG LENGTH p = 15
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Figure C.4.1: Top two panels: coverage probability (left) and median length (right) for VAR (red) and LP
(blue) 90% confidence intervals computed via the delta method or bootstrap (the latter are indicated with
subscript “b” in the legends). Bottom panel: root MSE of estimators. Lag length: p = 15 in the top panel,
p = 18 in the middle panel, and p selected by AIC in the bottom panel.
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C.5 Further proofs

We impose Assumption C.3.1 and Assumption 3.2.1(ii)—(v) throughout; as discussed in
Section C.3.1, none of the proofs below require Assumption 3.2.1(i). Let ||B]| denote the
Frobenius norm of any matrix B. It is well known that this norm is sub-multiplicative:
|BC|| < ||B]| - ||C||- Let I,, denote the n x n identity matrix, 0,,x, the m x n matrix of zeros,
and e; , the n-dimensional unit vector with a 1 in the ¢-th position. Recall from Assumption
3.2.1 the definitions D = var(e;) = diag(o?,...,02), 4 = (I, — AL) 'He; = Y2, A*He,;_,

and S = var(y,).

C.5.1 Main lemmas

Lemma C.5.1. For any i* € {1,...,n} and j* € {1,...,m}, we have
Yie tph = On ey + E;L,i*’j*yj*7t + Bl ie oY1+ e + T7O4(L)ey,
where

h
Onr = € (A"H + T A" "Hoy)eje m,
(=1

/ / h -1
7}171‘*7‘7'* = ei*,nA ﬂj*Hll 3

By o jo = €y |AM — APH L H' A

* gk
5

h
7 hTT = / h—/¢
it = € fA"HjEjey + > € (A" "Heyyy,
=1

and On(L) = X2 OneLt is an absolutely summable, 1 x n two-sided lag polynomial with

the j*-th element of Oy equal to zero. Moreover,

! Z_: (On(L)er)ejo s = Op(TH3).

t=1
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Proof. Iteration on the model in Equation (3.2.1) yields

h
Yorn = APy 43 A (Hey + T Ha(L)ery). (C.5.1)
/=0

As in Section 3.2.2, let Yo = (Y145 ---,Yj+—14) denote the variables ordered before y;-, (if
any). Analogously, let 7. ; = (Yj<114, - - - Yns) denote the variables ordered after y;- ;.

Using Assumption 3.2.1(iii), partition

Hy 0 0
H= (ﬂj*’H-,j*aFj*) = |(Hy Hyp O
Hsy Hszy Hss

conformably with the vector y; = (y; o Yi i, Upey)' Let L. denote the first j* — 1 rows of

the n x n identity matrix. Using the definition of y; in Equation (3.2.1),

Y, = LAy g + Hygjoy + T Hiljo(L)ey,

where gjry = Lj+gs. Using the previous equation to solve for Ejx 1 We get

g0 = Hp'(y oy LAy — T~“Hy1l.a(L)ey). (C.5.2)

=J
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Expanding the terms in (C.5.1) we get:

h
Yorn = A"y + A"He, + T A"Ha(L)e, + Y A" “(Heypo + T Ha(L)er40)
(=1

= Ah+1yt_1 + (Ahﬂj*éj*7t + 14h[{.7j*€j*71‘L + Ahﬁj*gj*ﬂg)
h
+TCA"Ha(L)e, + Y A" “(Heppo + T Ha(L)ess)
(=1

= Ah+1yt—1 + Ahﬂj*Hﬂl( - lj*Ayt—l - T_CHlllj*a(L)Et) + AhHo,j*&?j*,t + Ahﬁj*?j*,t

Yijer

h
+ T CA"Ha(L)e, + Y A" “(Heypo + T Ha(L)est),
=1
where the last equality follows from substituting (C.5.2). Re-arranging terms we get

Yir toh = (e;*ﬁnAhH.J*) g1+ (e;*,nAhﬂj*Hﬂl) Yot (eg*m {Ahﬂ — Ahﬂj*Hﬁllj*AD Y1

— —n!
=By, g =Bj, i g+

h
+ 6;*771 (Ath*gj*,t + Z AheH€t+Z>

(=1

=&;* Jhot

h
+T €, <—Ath*Hﬁ1H11]j*a(L)5t +3° Ah‘ZHa(L)stM) :
=0

Using the definition of 0, 7 = €., (A"H+T~¢ Zf}:l A" *Hay)ej m and adding and subtracting

i*,n
€ (T‘C Z?Zl Ah_ZHoz[) ej+méj++ in the display above, we obtain a representation of the

form

yi*,t+h = Qh,ng*,t + B;L,Z‘*,j*gj*’t + B},Z,i*,j*yt_l + gi*,h,t + T_Cﬂt, (053)

where

h h
Uy = e;*ﬂ (—Ath*Ij*a(L)st + ZAh_zHa(L)etH — <Z Ah_EHagej*,me;*m) €t> . (C.5.4)

/=0 /=1
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Algebra shows that @; can be written as a two-sided lag polynomial, ©,(L) = >72_ @h7gLe ,

with coefficients of dimension 1 x n given by the following formulae:

—ele JAMH Loy + Y0 € AP Hauyy for £ > 1,
o bl AP Hog — Y e AP Hageje €., for £ =0,
ht =
Yittel. A"t Ha, for ¢ € {—(h—1),...,—1},
O1xn for ¢ < —h.

In particular, ©p, - = Op0€j+m = 0.

)

We next show that ©,(L) is absolutely summable, that is >7° |

it suffices to show that >52, ||| < oo, since all the coefficients with index ¢ < —h are 0.

Note that, by definition,

Z 1On.ell < 1AM [[[1EL;- L

A [ fleves -

/=1 s=0

Let A € [0,1) and C > 0 be chosen such that || A*|| < CAf for all £ > 0 (such constants exists

by Assumption 3.2.1(ii)). Then

ZZ 1A= evgss || < CZZV *llacssll < CZZ levessll < ChZ [lexe|| < o0,

(=1 s5=0 (=1s=1 (=1s=1

where the last inequality holds because the coefficients of a(L) are summable. We thus

conclude that
Yirtrh = Onrejes + ﬁ;%yyj*’t + By yyi-1 + ey + T On(L)ey,

where (L) is a two-sided lag-polynomial with summable coefficients.
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Finally, we show that

T Tf(@h(L)st)gﬁ,t = 0,(T?). (C.5.5)

t=1

We can decompose (O, (L)e;)ej+, into finitely many terms of the form (¢;(L)e; )€+, for some
two-sided, absolutely summable lag polynomial ;(L) and integer j. Since Oy, ;« = 0, each
of these terms has mean zero by shock orthogonality. By Lemma C.5.11, each term also has
absolutely summable autocovariances. Hence, Brockwell and Davis (1991, Thm. 7.1.1) and

Chebyshev’s inequality imply that the sample average of each term is O, (T~1/?). m

Lemma C.5.2.

00 T
A-A=THY ayDH'(A)'ST 4+ TN Hej, 1S+ 0,(TC).

=1 t=1
In particular, A — A = O,(T~C + T~/?).

Proof. Since,

A T—h T—h -1
A-A= (T‘l > uty£_1> (T‘l > yt1y£_1> ,
t=1 t=1

the result follows from Lemmas C.5.7 and C.5.8. ]
Lemma C.5.3.
N e o 12
V—He = 72 T Z&J,t‘f]*,t + Op(T) + 0, (T )-
J* t=1

Proof. By Lemma C.5.5, 7 = (01x(j+—1), 1,ﬁ/), where the j-th element of 7 equals the on-
impact local projection of y;-4;, on y;-,, controlling for Yoy and y;_1. The statement of the
lemma is therefore a direct consequence of Proposition 3.3.1 and the fact that (by definition)

507i7t =0 for ¢ S j* ]
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Lemma C.5.4. Fiz h > 0. Consider the regression of y«: on g = (g;* »Yi-1)', using the

observationst = 1,2,...,T — h:
Yjet = T%Qj*,t + Thg-

Note that the residuals &, are consistent with the earlier definition in the proof of Proposition

3.8.1. Let A;* be the row wvector containing the first 7* — 1 elements of the last row of

—H~' (where H is defined in Assumption 3.2.1(iii)). Let Niw = (=X, 1,01x(n—j=)) and
i / .

U= (A, (N A))'. Then:

i) O — 09 = 0, (T~C +T-1/2).

i) For j > j*, TSI M(Gny — e 0)eje = Op(T™%) + 0,(T~Y2).
iii) For € > 1, TV M(Ene — €je1)erre = Op(T™%) + 0,(T~Y2).
iv) TV 5 (e — €50 0)@ne = Op(T%) + 0,(T71/2).

v) TP as, 5 ol

vi) For any absolutely summable two-sided lag polynomial B(L), T—'SI (&, —
ej0)B(L)ey = Op(T~¢ +T74/2).

Proof. By Equation (3.2.1), the outcome variables in the model satisfy
Y= Ay + H[L, + T a(L)]e, t=1,2,...,T.

By Assumption 3.2.1(iii), the first j* rows of the matrix H above are of the form (f], 0 x (j*—m) )
where m is the number of shocks and H is a j* x j* lower triangular matrix with 1’s on the
diagonal.

We can premultiply the first j* equations of (2.1) by H' to obtain:

[HY 050 s njyye = [HY 0 s nejr) | A¥i—1 + (L, 0jese(mji)) [T + T~ (L)]es.
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By definition, —A;»* is the row vector containing the first 7* — 1 elements of the last row of

H=' and N = (—A;*, 1,01x(n—j*)). Thus, we can re-write the j*-th equation above as

[—A;*, 1, Oj*x(n—j*)]yt = )\;*Ayt,1 + Ejxt —+ TﬁCOéj* (L)&Tt,

where o« (L) is the j*-th row of a(L). Re-arranging terms we get
Yjxt = 19/%'*715 + Ej*t + T_COKJ'* (L)gt,

where ¥ = (X}, (N;-A))" and gj+, = (g;*i,ygfl)’. In a slight abuse of notation, and for
notational simplicity, we henceforth replace ¢;«; by ¢:.

Statement (i)) follows from standard OLS algebra if we can show that a) 71 S7 " gie- =
Op(T=+T712), b) (T S5 qugy) ™ = Op(1), and ) T=7V 5" qu(ay- (L)er) = Op(T7°).
Lemma C.5.9 establishes these results.

The proofs of statements (ii)) and (iii)) are similar, so we focus on the latter. By definition

of Zp 4, we have &, —ejry = (0 — @h)’qt —I—T_Caj*(L)gt. Let ¢; = @;t’ ¥,_1) and Ay = ¢ — G

Then
T-h R 1 T—h
T_l Z (i‘h,t - 5j*7t)5t+€ - ('19 — 19’7,)/ <T Z At€t+g> (C56)
t=1 t=1
. 1 T—h
+ (0= = i€+ (C.5.7)
T =
1 (1
+ < (T ; (o= (L)er) 5t+€) - (C.5.8)

By (i), (9 — 03) = O,(T~¢ +T~'/?). Lemma C.5.6, Assumption C.3.1, and Cauchy-Schwarz
imply that the sample average in parenthesis in (C.5.6) is O, (T‘C). The two sample averages
in parentheses in lines (C.5.7)—(C.5.8) have mean zero, since the shocks are white noise and

mutually orthogonal, so Lemma C.5.11 and Brockwell and Davis (1991, Thm. 7.1.1) imply
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that they are each O,(T~1/2). Tt follows that

For statement (iv)), note that

T—h T—h T—h
T (@ng =) @ne =T Bng —jon)* + T D (B — €50 a)Ejos.
t=1 t=1 t=1

Lemma C.5.10 shows that TS 1" (2h, — €j-4)% = O,(T~%) + 0,(T~/%). This result,
combined with (ii)), implies that statement (iv)) holds.

For statement (v)), note that

T—h T—h
TN (@ra)? =T ) (Bny — g+ €jou)
t=1 t=1

T—h T—h T—h
=7 Z (Zns — gj*,t>2 — 27! Z (Zhy — €j*,t)5j*,t + 77! Z 8?*7t.
t=1 t=1 t=1

Lemma C.5.10 and statement (ii)) imply that the first two terms converge in probability to
zero. Since T~ S T0 5?*7,5 RS 0]2* by Lemma C.5.11 and Brockwell and Davis (1991, Thm.
7.1.1), statement (v)) holds.

Finally, statement (vi)) obtains by decomposing

T—h T—h T—h
Til z; B(L)Et(ihyt — gj*,t) = Til z; B(L)&“tQQ(ﬁ - 'lgh) + TﬁCTil z; B(L)Et[@j* (L)Et]l
t= t= t=

= 0,(1) x O, (T~ +T7?) 4+ T7¢ x 0,(1),

where the last line follows from statement (i)), Lemma C.5.6, and Lemma C.5.11. O
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C.5.2 Auxiliary numerical lemma
Lemma C.5.5. Define U;; = (Yir1,6,Yiraits - - Ynt) to be the (possibly empty) vector of

variables that are ordered after y;, in y,. Partition

ij11 i:12 i:13 CA'll 0 0

Y=y By S|, C=[Cy Gy 0|,
DIEED DIRD 3 Cy Cay (i

conformably with y; = (g; o Yiets Yyep)'s where S = CC (in particular, Coy = C‘JJ) Then

PN Y Yo A g A (C.5.9)

Note that the lemma implies Bo = 50: If o* < j* or +* = j*, then both estimators equal 0
or 1 (by definition), respectively; if ¢* > j*, then Bo is defined as the i* — j* element of the

left-hand side of (C.5.9) (by Frisch-Waugh), while 4, is defined as the i* — j* element of the

right-hand side of (C.5.9).

Proof. From the relationship S =00, we get

~ . A A A A
Z11 E12 C(11011 011021

~ R A A A A Ao

Yor XYao | = | Oy CnCy + O3,

. R A A A A A A

231 32 C3:.C1; C5105 + C52C5
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The partitioned inverse formula implies

-1
Y1 Yo . 1 —(C1uC1y) 710Gy
A N It T A A A A AT A AT 1A A

S S Co1Chy + O3 — Cn O (C1i €)1 Gy 1

AN—11 A
1 —C'Cyy

C3, 1 7
SO
R R -1
A S E11 Z12 1 A oA, oA A PN PN 1 .
(51, 8) | ejr g = 75 (—Ca1ClCR"Cyy + C1Chy + C3aClp) = 5—Clp. T
o1 2o Cs &3

C.5.3 Auxiliary asymptotic lemmas

Lemma C.5.6. TS0 |lys — 0> = Op(T7%) and TP SSE wi(ye1 — §e1) = Op (T2 +

T=712) where u, =y, — Ay,_1.

Proof. Using Equation (3.2.1) and the definition §; = (I,, — AL)"'He,;, we have
ye— e =T (I, — AL)"Ha(L)zy.

The lag polynomial (I,, — AL)"'Ha(L) is absolutely summable by virtue of being a product
of absolutely summable polynomials, see Assumption 3.2.1(ii) and (v).

Brockwell and Davis (1991, Prop. 3.1.1) implies E[T?|ly; — 4||?] < co. The first statement
of the lemma then follows from Markov’s inequality.

In order to establish the second part of the lemma, note that

1 T 5 1 T ~ B 1 T .
T Z Uy (ytfl - ytfl)/ =H (T Z&t (ytfl - ytl)/> +T°H <T Z Oé(L)Et (ytfl - ytl)/> .
t=1 t=1

t=1

The product process T, ® (y;_1 — ;1) is a martingale difference sequence with finite variance

by Lemma C.5.11 (note that this is a standard stochastic process and not a triangular array).
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Hence, the first sample average in parenthesis on the right-hand side above is O, (T’ —¢=1/2) by
Chebyshev’s inequality. The second sample average in parenthesis on the right-hand side
above is O,(T~¢) by Lemma C.5.11. Hence, the entire right-hand side in the above display is
O,(T=¢"Y2 + T772¢) as claimed. O

Lemma C.5.7.

T 00 T
T 'S wy,_ =T “H> oDH'(AN '+ T 'Y Hegj,_y +0,(T7°).

t=1 (=1 t=1

Proof.

T T T
T Z Uty£—1 =T Z Utﬂ£—1 +77! Z Ut(yt—l - ﬂt—l)/

t=1 t=1 t=1

=0p(T—¢) by Lemma C.5.6

T T
=T 'S Hey_ +T "> Ha(L)ef,_y + 0,(T7°)

t=1 t=1

=7 }T: Heyjy_y +TH (Ela(L)eg; ] + 0,(1)) + 0,(T~).

t=1

The last line invokes a law of large numbers, which applies because y; is an absolutely
summable linear filter of the shocks, so we can apply Lemma C.5.11 in conjunction with

Brockwell and Davis (1991, Thm. 7.1.1) and Chebyshev’s inequality. Finally, note that

E[Q(L)Stgg 1 ZZOQE Et— gEt s— I]H, A/ ZO-/EDH/ A,) [

(=1 s=0 /=1

Lemma C.5.8. T'YC 4 4y, , 5 S.

Proof. By Lemma C.5.6 and Cauchy-Schwarz, T' S v yh = T 250, a0,y +0,(1).
Lemma C.5.11, Brockwell and Davis (1991, Thm. 7.1.1), and Chebyshev’s inequality imply
that the law of large numbers holds for {7,179, ;}. O

!/

Lemma C.5.9. Omitting the subscript j* in a slight abuse of notation, let ¢, = (g; t,ygfl) )

Then
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0) TS wejea = Op(TC + T712),
i) (T35 aug) ™ = O(1),
i) T 505 g (L)e) = O,(1),
where aj«(L) is the j*-th row of a(L).

Proof. Let ¢; = (g; . Ui-1) and Ay = ¢; — ;. Note that
T-h T—h T—h
T_l Z Qi€+t = T_l Z Atgj*,t + T_l Z thj*,t- (C510)
t=1 t=1 t=1
Cauchy-Schwarz implies

1T—h 1 T=h ) 1/2 1 T=h 1/2
HT‘ ; Agejug|| < ( Z | A]| ) ( Z € *t> = Op(T_C) x O,(1),

using Lemma C.5.6 and Assumption C.3.1. The summands in the last sample average in
(C.5.10) have mean zero due to shock orthogonality, so this sample average is O, (T -1/ 2) by
Lemma C.5.11 and Brockwell and Davis (1991, Thm. 7.1.1). This establishes part (i)) of the
lemma.

For part (ii)) of the lemma, note that

]_T,h 1Th 1Th

7 > aq = Z AN+ — Z G, + = Z A+ — Z G- (C.5.11)

Lemma C.5.6 implies that the first term is O, (T‘24>. Cauchy-Schwarz, along with Lem-
mas C.5.6 and C.5.8, imply that the second and third terms are O,(7~¢). The last term
converges in probability to var(g), as in the proof of Lemma C.5.8. This matrix is non-
singular, since ¢; = (g; 1+ Ji—1)', where var(g,—1) = S is non-singular by Assumption 3.2.1(iv),
and Assumption 3.2.1(iii) implies that gj*7 . equals a linear transformation of ;-1 plus a
non-singular orthogonal noise term.

Part (iii)) follows from Cauchy-Schwarz, Lemma C.5.8, and Assumption 3.2.1(v). O
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Lemma C.5.10. Use the same notation as Lemma C.5.9, and let
B = (0= 0n)q + o s+ T e (L)

Then
T—h

T3 (e — gj00)* = Op(T7%) + 0, (T712).

t=1

Proof. 1t suffices by the c,-inequality to show that
. 2
a) TV (0 = 0n)'q) = Op(T%) + 0, (T12),
b) T XI5 (- (L)er)” = 0, (1).

To establish (a)), note that Cauchy-Schwarz implies

(C.5.12)

E3 (0= 0a) <o (1 S 1al?) =0, (1 +72)) x 0,00,

by Lemmas C.5.8 and C.5.9. Hence, the right-hand side is O,(T~%) + 0,(T~'/?).

Statement (b)) follows from Assumption 3.2.1(v) and Markov’s inequality.

O

Lemma C.5.11. Let (L) and p(L) be two absolutely summable, univariate, two-sided lag

polynomials. Then for any j, k € {1,...,m}, the product process z, =

has absolutely summable autocovariance function.

Proof. Bound >-7° | cov(zy, zi10)| by

o0 oo o0

[W(L)ejal X [p(L)er,]

o oo
Z Z Z Z Z |w7’1 | ’(pTz ‘ |¢7'3 | ’907'4 H COV(gj,twLﬁ Ek,t+725 gj,t+7'3+€‘€k,t+7'4+ﬁ)|

f=—00 T1=—00 Tg=—00 T3=—00 T4=—00

< ( Z |¢T’> <Z |907|> TSUP Z |Cov(gji—i-ngk,t-l-m?5j7t+73+€5k,t+74+f)|

T=—00 T=—00 LeeoTdp— g
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To finish the proof, we show that the supremum above is finite. By stationarity, the sum

inside the supremum can be written as

o0

> |cov(ejoen,s: €jrrmir)|, (C.5.14)

T=—00

where we have substituted s = — 7, 7 =17 — 73, and r = £ 4+ 73 — 71. Now fix s and 7.
Let N: Z — {1,2,3,4} denote the function that assigns each integer r to the number of
times the maximum value of the tuple (0, s,r,7 4+ 7) appears in the tuple. We group the
terms indexed by r in the sum (C.5.14) according to their value of N(r). First, since {e;}
is a martingale difference sequence, all terms r with N(r) = 1 yield a covariance of 0 and
so do not contribute to the sum. Second, a simple enumeration of cases shows that there
is at most 1 value of r with N(r) = 3 and at most one with N(r) = 4. Finally, consider
terms r with N(r) = 2. If s # 0 and 7 # 0, then there are at most 4 such terms (since
this requires r € {0,s, —7,s — 7}). If s =0 and/or 7 = 0, terms with N(r) = 2 must be of
the form | cov(e;0€k,0,€jrEkr+r)| (With 7,7 + 7 < 0) and/or | cov(g; €0, €j—rEks—r)| (With

r,r — s > 0). The preceding arguments show that the sum (C.5.14) is bounded by

6B (e[ +2D > [ cov(eo @ €0, @ £-),
r=10b=1

which is finite by Assumption C.3.1 and does not depend on s or 7. Thus, the supremum in

(C.5.13) is finite. O
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